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Abstract 

The probability distribution fici of a general cluster point process in a Riemannian 
manifold X (with independent random clusters attached to points of a configuration 
with distribution fi) is studied via the projection of an auxiliary measure fi in the space 
of configurations 7 = {{x, y)} C X x X, where x £ X indicates a cluster "cen- 
tre" and y £ X := Un^" represents a corresponding cluster relative to x. We show 
that the measure Hd is quasi-invariant with respect to the group Diffo(^) of compactly 
supported diffeomorphisms of X, and prove an integration-by-parts formula for fi^. 
The associated equilibrium stochastic dynamics is then constructed using the method of 
Dirichlet forms. General constructions are illustrated by examples including Euclidean 
spaces, Lie groups, homogeneous spaces, Riemannian manifolds of non-positive curva- 
ture and metric spaces. The paper is an extension of our earlier results for Poisson clus- 
ter measures [J. Funct. Analysis 256 (2009) 432-478] and for Gibbs cluster measures 
|http : //arxiv . org/abs/ 1007 .3148] , where different projection constructions were 
utilised. 
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1. Introduction 

The concept of a configuration space (over a suitable Riemannian manifold) is instrumental 
in the description of various types of multi-particle structures and naturally appears in many 
areas of mathematics and mathematical physics (e.g., theory of random point processes, 
statistical mechanics, quantum field theory, representation theory) and applied sciences (e.g., 
chemical physics, image processing, spatial ecology, astronomy, etc.). 

Despite not possessing any Banach manifold structure, configuration spaces have many 
features of proper manifolds and can indeed be endowed with "manifold-like" structures 
(see Il30l and also E IH). As it turns out, the way to do it depends heavily on the choice 
of a suitable probability measure /i on the configuration space Fx (over the manifold X). 
Such a choice is often suggested by a physical system under study, but, in order to furnish 
a meaningful analytical framework, the measure ji must satisfy certain regularity properties, 
such as the Diff o-quasi-invariance with respect to the action of certain diffeomorphism group 
and/or an integration-by-parts (IBP) formula. Hence, it is not surprising that the study of the 
configuration space as a measure space (/x, yu) requires tools and techniques at the interface 
of geometric analysis and measure theory. According to this paradigm, it is important (i) 
to prove the quasi-invariance and IBP formulae for a wide class of measures ji arising in 
applications, and (ii) to study the dependence of the properties of the measure ji on the 
topology and geometry of the underlying manifold X and their interplay with the multi- 
particle structure of the space Fx- 

Such a programme has been implemented for the Poisson and Gibbs measures on Fx 
in the case where X = M*^ (see [S IH [51 |2l [U and further references therein). The present 
paper is a step towards realisation of this programme for the important class of (in general, 
non-Gibbsian) measures on Fx emerging as distributions of cluster point processes in X. 
Intuitively, a cluster point process is obtained by generating random clusters around points 
of the background configuration of cluster "centres" ifTSl . Cluster models are well known 
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in the general theory of random point processes [fT4l [TSlI and are widely used in numerous 
applications ranging from neurophysiology (nerve impulses) and ecology (spatial aggrega- 
tion of species) to seismology (earthquakes) and cosmology (constellations and galaxies); 
see ifTOl [T4l [TSl for some references to original papers. 

In our earlier papers |[8l |9l [lOl [HI, we have developed a projection construction of Pois- 
son and Gibbs cluster processes in a Euclidean space X = M*^, based on the representation 
of their probability distributions (i.e., the corresponding measures on the configuration space 
Fx) as the push-forward (image) of suitable auxiliary measures on a more complex config- 
uration space Fx over the disjoint-union space X := Un^"' ^i^h "droplet" points y E X 
representing individual clusters (of variable size). Such an approach allows one to adapt 
the ideas of analysis and geometry on configuration spaces developed earlier by Albeverio, 
Kondratiev and Rockner (Slllll for plain (i.e., non-cluster) Poisson and Gibbs measures in 
Fx, and to obtain results including the Diffo-quasi-invariance and IBP formula. 

In the present paper, we extend the projection approach to the case of cluster measures on 
general Riemannian manifolds X and with arbitrary centre processes. In so doing, suitable 
smoothness properties of the distribution of individual cluster are required, but it should be 
stressed that no smoothness of the centre process is needed. That is to say, attaching "nice" 
clusters to points of a centre configuration acts as smoothing of the entire cluster process. To 
an extent, this may be thought of as an infinite-dimensional analogue of the well-known fact 
that the convolution of two measures in is absolutely continuous provided that at least 
one of those measures is such. However, this analogy should not be taken too far, since the 
relationship between centres and clusters is asymmetric (the latter are attached to the former, 
but not vice versa); in particular, as it turns out, smoothness of the centre process alone is not 
sufficient for the smoothness of the resulting cluster process. Let us point out that the results 
of the present paper are new even in the case of Poisson and Gibbs cluster point processes in 
M'^, where our new approach allows one to handle more general models, for instance with the 
probability distribution of centres given by a Poisson measure with a non-smooth intensity, 
or by a Gibbs measure with a non-smooth interaction potential. 

The structure of the paper is as follows. In Section[2]we introduce the general framework 
of configuration spaces and measures on them and discuss a "fibre bundle" structure of the 
configuration space over a product manifold. Section[3]is devoted to the projection construc- 
tion of cluster measures ji^i- Here we derive necessary conditions for the cluster measure 
/Xci to be well defined (i.e., with no multiple and accumulation points) and study the exis- 
tence of moments. In Section |4] we prove the Diffo-quasi-invariance and an IBP formula for 
IXch Furthermore, for a general cluster measure we are able to construct the corresponding 
Dirichlet form and to prove its closedness, which implies in a standard way the existence 
of the corresponding equilibrium stochastic dynamics. In Section [5] we discuss examples of 
cluster distributions that can be generated in a natural way via certain manifold structures, 
such as the group action in the case of homogeneous manifolds and a metric structure for 
general Riemannian manifolds. Finally, the Appendix contains some additional or support- 
ing material. 



3 



2. Configuration spaces and measures 

2.1. General setup: probability measures on configuration spaces 

Let X be a Polish space equipped with the Borel ci-algebra B{X) generated by the open sets. 
Denote Z+ := Z+ U {oo}, where Z+ := {0,1,2,...}, and consider the space X built from 
all Cartesian powers of X, that is, the disjoint union 

^:=UneZ,^^ (2-1) 

including X° = {0} and the space X°° of infinite sequences (xi,X2, . . . ). That is, x = 
{xi,X2, ■ . ■) G X if and only if x G X" for some n G Z+. We take the liberty to write Xi G x 
if Xi is a coordinate of the "vector" x. The space X is endowed with the natural disjoint union 
topology induced by the topology in X. 

Remark 2.1. Note that a set i? C X is compact if and only if B = |J!!=o ^n, where N < oo 
and Bn are compact subsets of X"', respectively. 

Remark 2.2. X is a Polish space as a disjoint union of Polish spaces. 

Denote by A/'(X) the space of Z+-valued measures on B{X) with countable (i.e., finite 
or countably infinite) support. Consider the natural projection 

X3xH^p(x) := ^5,^ GAr(X), (2.2) 

where 6x is the Dirac measure at point x e X. That is to say, under the map p each vec- 
tor from X is "unpacked" into its components to yield a countable aggregate of (possibly 
multiple) points in X, which can be interpreted as a generalised configuration 7, 

p(x) o 7 := □ {xi}, X = (a;i,a;2,...) G X. (2.3) 

In what follows, we interpret the notation 7 either as an aggregate of points in X or as 
a Z^-valued measure or both, depending on the context. Even though generalised config- 
urations are not, strictly speaking, subsets of X (because of possible multiplicities), it is 
convenient to use set-theoretic notations, which should not cause any confusion. For in- 
stance, we write 7 fl 5 for the restriction of configuration 7 to a subset B G B{X). For a 
function / : X — )■ M we denote 

(/,7):=E/(^*)= / /(^)7(dx). (2.4) 

In particular, if 1b{x) is the indicator function of a set i? G B{X) then (1b, 7) = 7(5) is 
the total number of points (counted with their multiplicities) in 7 fl i?. 

Definition 2.1. A configuration space is the set of generalised configurations 7 in X, 
endowed with the cylinder a-algebra B{rj^) generated by the class of cylinder sets := 
{7 G r]. : 7(5) =n}, B e B{X), n G Z+. 

Remark 2.3. It is easy to see that the map p : X ^ defined by formula (12.31) is measur- 
able. 
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In fact, conventional theory of point processes (and their distributions as probability mea- 
sures on configuration spaces) usually rules out the possibility of accumulation points or 
multiple points (see, e.g., ifTSl ). 

Definition 2.2. A configuration 7 G is said to be locally finite if 7(5) < 00 for any 
compact set B C X. A configuration 7 G is called simple if 7({x}) < 1 for each x E X. 
A configuration 7 G F^ is called proper if it is both locally finite and simple. The set of 
proper configurations will be denoted by Fx and called the proper configuration space over 
X. The corresponding cr-algebra B{Fx) is generated by the cylinder sets {7 G /x : l{B) = 
n} (B G B{X), n G Z+). 

Like in the standard theory based on proper configuration spaces (see, e.g., IfTSl §6.1]), 
every probability measure /i on the generalised configuration space F^ can be characterised 
by its Laplace functional (cf. ifTOl ) 

L,{f):= I e-<^'^V(d7), / e M+(X), (2.5) 
where M+(X) is the class of measurable non-negative functions on X. 
2.2. Cluster point processes 

Let us recall the notion of a general cluster point process (CPP). Its realisations are con- 
structed in two steps: (i) a background random configuration of (invisible) "centres" is ob- 
tained as a realisation of some point process 7c governed by a probability measure ji on _r^, 
and (ii) relative to each centre x G 7c, a set of observable secondary points (referred to as 
a cluster centred at x) is generated according to a point process 7^ with distribution on 
F\- (x G X). The resulting (countable) assembly of random points, called the cluster point 
process, can be expressed symbolically as 

7 = U 7l. e 4, 

where the disjoint union signifies that multiplicities of points are taken into account. More 
precisely, assuming that the family of secondary processes 7!^ is measurable as a function of 
X E X, the integer- valued measure corresponding to a CPP realisation 7 is given by 

7(5) = j I'AB) 7c(dx) = 5^ 7^(5), 5 G B{X). (2.6) 

We denote by fi^i the probability measure on {F^, B{F^)) that governs the CPP described 
by formula (12.61) . 

Remark 2.4. Unlike the standard CPP theory where sample configurations are presumed to 
be almost surely (a.s.) locally finite (see, e.g., IfTSl Definition 6.3.1]), the description of CPP 
given above only implies that its configurations 7 are countable aggregates in X, but possibly 
with multiple and/or accumulation points, even if the background point process 7c is proper. 
Thus, the CPP measure fid is defined on the space F^ of generalised configurations. How- 
ever, developing the differential analysis on configuration spaces in the spirit of Albeverio, 
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Kondratiev and Rockner (Si HI demands that measures under study are actually supported 
on the proper configuration space Fx- We shall address this issue for the general cluster 
measure /tici in Section [3^ below and give sufficient conditions in order that /id-almost all 
(a.a.) configurations are proper (see ifTOl [TTll for the cases of the Poisson and Gibbs CPPs, 
respectively). 

The distribution /i^. of the inner-cluster process 7^. determines a probability measure 77^ in 
X symmetric with respect to permutations of coordinates. Conversely, Hx is a push-forward 
of the measure 77^. under the projection map p : X defined by (12.31) . that is, 

l^x = P*Vx = Vx° P"^- (2.7) 

The following fact is well known for CPPs without accumulation points (see, e.g., IfTSl 
§6.3]); its proof in the general case is essentially the same (see IfTOl Proposition 2.5]). 

Proposition 2.1. The Laplace functional of the cluster measure yUci is given by 

L,M)= ^^ll(^exp^-J2fiy^))vx{dy)\^^id^), feU^X). (2.8) 

^^X x£"/ ^ ViGy ' 



2.3. Measures on configurations in product spaces 

In this section, we develop a general construction of measures on configurations in product 
spaces, which will be useful later on. 

Let y be a Polish space equipped with the Borel a-algebra B{Y). Consider the product 
space Z := X X F endowed with the product a-algebra B{Z) = B{X) ® B{Y), and the 
corresponding configuration space F^. Let 

px{z) := X, Py{z) ■=y, z = {x, y) E X x Y, 

denote the natural projections onto the spaces X and Y, respectively. The maps px and py 
can be extended to the configuration space F^: 

rl3i^Px{i) ■■= Upx{z)eFl 

267 

For each 7 G F^, consider the space Y'^ := Px^i'j) (i.e., the fibre at 7), which can be 
identified with the corresponding Cartesian product of identical copies of the space Y, 

Y=l[Yx, Yx = Y. 

XG7 

Therefore, each configuration 7 G -Tf can be represented in the form 

7 = (7,1/")= U{ix,yx)}, (2.9) 

XG7 

with 

7 = Pxil) e 4, := iyx)xey e Y\ (2.10) 
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More formally, a one-to-one correspondence between x G 7 and G y'^ is described by the 
relations 

X = vx{pY^{yx)'^i), yx=PY{px\x)^i)- (2-11) 

Let each space Y^., x G X, be equipped with a probability measure 77^. We assume that 
the family {77^,, x E X} satisfies the following "weak measurability" condition. 

Condition 2.1. For any Borel set B G B{Y), the map 

X3x^ri,,{B) G [0,1] 

is measurable with respect to B{X). 

Lemma 2.2. Under Condition \2. II for any function f G M+(Z) the integral 

j^e-f^^^y^^m (2.12) 

is a measurable function of x E X. 

Proof. It is sufficient to consider functions of the form f(x, y) = lAix) ■ Isiy) with Borel 
sets A G B{X), B G B{Y). In that case, the integral in (12.121) is reduced to 

(e-i^W -I) f ,^^.(dy) + / r/,(d2/) = (e-i^(^) - l) r/,(i?) + 1, 
J B Jy 

which is measurable in x owing to Condition 12. 1[ □ 
For 7 G -TI-, define the corresponding product measure on the space , 

ri\dy^) ■.= ®nMyx). (2.13) 

Furthermore, let /i be a probability measure on r|. Let us now define a probability measure 
fi on r|. as a skew product (see (12.91 )) 

/i(d7) := r/^(di/'^) /i(d7), 7 = (7, v') e 4. (2.14) 
More precisely, definition (12.141) can be rewritten in an integral form, 

F(7)/i(d7) = j^^ (^^^F(7,y^)r/^(dy^)^ /i(d7), F G M^{rl). (2.15) 

Remark 2.5. The measure /I can be viewed as a measure on a marked configuration space, 
specified by the ground configurations 7 G -T^ with distribution and the corresponding 
configurations of marks y'^ = {yx)xe'y ^ Y"' with distribution r]"' {dy"') (cf. ^T5\ §6.4]). 

Proposition 2.3. The measure fx is a probability measure on uniquely determined by its 
Laplace functional given by the formula 

Mf) = L,{f), f G M+(Z), (2.16) 

where 

fix) := - log J e-^("'^) r],idy) > 0, x G X. (2.17) 

In particular, the integral formula (12.151) is valid, with the internal integral being measurable 
as a function of^ with respect to the a-algebra B{F]^). 
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Proof. Note that the function /(x) defined in (12.171) is measurable with respect to B{X) 
according to Condition 12. II and Lemma [Z2l hence the right-hand side of equation (12.161) is 
well defined. Using the skew-product definition (12.141) we have 



Jrl 



/i(d7) 



e 



and equation (12.161) is established. In particular, taking /(x, ?/) = we readily obtain /(x) = 
and hence 

/i(4)= / /i(d7) = ^a(O) = ^,.(0) = 1, 
as required. Finally, using in (12.161) test functions of the form 

k 

/(a;,2/) = ^s,U(x)lB,(y), > 0, A, G 5, G 

one can show in the usual fashion that equation (12.151) holds for the indicators of the cylinder 
sets HiLi ^XxB,' which in turn implies (|2.15l) for any measurable function F(7, y^). The 
proof is complete. □ 

Remark 2.6. A direct proof of the measurability of the internal integral on the right-hand 
side of equation (12.151) appears to be quite involved. For illustration, we give such a proof in 
the case (see Appendix [A]) based on a measurable indexation of the ground configurations 
7, which is known to be available in the case of proper 7's (i.e., with a.s. no multiple or 
accumulation points). Note that the general theory of marked point processes (measures) is 
usually based on the assumption of properness of the ground process 7 (see [|T5l §6.4]). 

3. Cluster measures on configuration spaces 

From now on, the measure ^ on the space X, used in the construction of the configurational 
measure /i (see (12.141) ). will represent the distribution of the cluster centres; furthermore, 
the role of the space Y will be played by X = Un6Z+^" (^^^ (12.11) ). with generic elements 
^ G j£. To emphasise such a choice, we change the general notation of the space Z = X x F 
to Z := X X X. 
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3.1. Projection construction of the cluster measure 

Recall that the "unpacking" map p : X ^ is defined in (12.31) . and consider a map 
q : Z — 7- acting by the formula 

q{x,y):=p{y)= \_\{y^}, (x, G Z. (3.1) 

In the usual "diagonal" way, the map q can be lifted to the configuration space F^' 

rl97^q(7):= UqWe4. (3.2) 

267 

Proposition 3.1. The map q : — )■ defined by (13.21) is measurable. 
Proof. Observe that q can be represented as a composition 

q = pop^:ri^r| ^4, (3.3) 

where the maps px and p are defined, respectively, by 

rl3i^Px{i)--= U Mer«, (3.4) 
r|9 7^P(7):= UP(y)e4. (3.5) 



For px : F^ ^ F^ (see (13.41) ) we have 

Px\CS) = C'x.B = {l^4-- liX xB)=n}e B{Fl), 

since X x B E B{Z). Furthermore, the measurability of the projection p : _r| — F^^ 
(see (13.51) ) was shown in [[TOl §3.3, p. 455]. As a result, the composition of maps in (13.31) is 
measurable, as claimed. □ 
Let us define a measure on as the push-forward of fi (see (|2.14l) ) under the map q 
defined in dH]), dU): 

cCfi{A)^fi{<f\A)), Aei3(4), (3.6) 

or, equivalently, 

f F{^)cCfim= I F(q(7))/i(d7), F e M+(4). (3.7) 

The next general result shows that this measure may be identified with the original cluster 
measure /ici- 

Theorem 3.2. Measure (13.61) coincides with the cluster measure pch 

/ici = q*/i = /ioq-i. (3.8) 
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Proof. Let us evaluate the Laplace transform of the measure For any function / G 
M+(X), we obtain, on using (I04l) . (Il2l) anddSj]), 



L,.^(/)= /^exp(-(/,7))q*/i(d7) 
exp(-(/,q(7))) A(d7) 

Ir Uri ''''^ (~ ^ ^ "^^0 ? ''^'^^"O ^^"^^^ 

Ylexp{-f{y^))<^r],^{dy^^) J /i(d7) 

/„ n( / exp(-5^/(y)) r/,.(dy)') Md7), 



X xG-y ^ ^ y€y 



which coincides with the Laplace transform (12.81) of the cluster measure /id. □ 
An alternative description of the cluster measure fi^ can be given as follows. Consider a 
natural map : X"' ^ defined by 



XG7 



(see (12.91 )). The map is measurable, which can be shown by repeating the arguments used 
in [[TOl §3.3, p. 455] in the proof of measurability of p. Further, define the map (cf. (13.51) ) 

:= p o : ^ r| ^ r].. (3.9) 

Clearly, py is measurable as a composition of measurable maps. Note that the projection px 



defined in (13.41) can be represented as 

Px{i) = hm, i = {i.y')erl (3.10) 

Furthermore, applying p to both sides of equality (13.101) and using relations (13.31) and (13.91 ), 
we obtain the representation 

m=p,{yl. 7 = (7,r)er|. (3.ii) 

Consider the probability measures w'^ and /i^ on and r^, respectively, defined by 

:= i:;r/^ (3.12) 
fi^:=p;V^. (3.13) 

Theorem 3.3. The cluster measure on F^^ is represented in either of the following two 
forms, 

/i,i(d7)= f /i^(d7)/i(dC), (3.14) 
/i,i(d7) =p*ti7(d7), (3.15) 
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where w is a measure on defined by 

ro(d7) := / ro^(d7)/i(d7). (3.16) 



Proof. By the change of measure (|3.13|) and relations (|2.14l) and (|3.11|) . we have, for any 
Borel function F G M+(rJ), 



F(c)/i^(dc) ) /i(d7) = / ^ ^jj{p,m)v\m ] 

F(q(7))/i(d7) 
F(7)q*/i(d7), 



^ z 



according to (13.81) . Thus, formula (13.141) is proved. 

Similarly, using relation (13.161) and the change of measure (13.121) . we get 



F(C) p*t^(dC) =/,,(/,, ^(P(7)) ^"(d7) J /i(d7) 

F(pot,(y^))r/^(dy^)^ Md7) 

F(q(7))/i(d7), 



which proves formula (13.151) . □ 

Remark 3.1. In the case where X = W'', r]x{dy) = ?7o(dy — x) and /i(d7) is a Poisson mea- 
sure 7r0(d7) with intensity 9, the measure zu coincides with the auxiliary Poisson measure 
TTa- considered in [[TOl . with intensity measure cr{B) = VxiB) 9{dx), B G B{X). 

The relationships between various measure spaces introduced above are succinctly illus- 
trated by the following commutative diagrams: 



7^ 



id <S>p-y q 



/d^ 



3.2. Conditions for absence of accumulation and multiple points 

Let us now give sufficient conditions for the cluster point process to be proper, so that 
Aici(-rx) = 1- For any Borel subset B c X, consider the set 

:= G X : p{y) n 5 ^ 0} G B{X), (3.17) 
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where the projection map p is defined in (12.31) . That is to say, the set Xb consists of all points 
y E'X. with at least one coordinate Ui ^ y belonging to B. 

Condition 3.1. For any compact set B c X, 



Remark 3.2. In view of definition (13.171) . the left-hand side of (13.181) equals the expected 
number (under the measure /ici) of clusters that contribute at least one point to the set B. 

We introduce the set 

X:= {y eX: \/yi,yj ey, yi^ yj}. 

Condition 3.2. For fi-a.a. configurations ^ E Fx, the probability measure t]^ on X"' (see 
(12.131) ) is concentrated on the set 



that is, r]^{X^) = 1. 

Remark 3.3. The set X"^ ensures that different clusters attached to the ground configuration 
7 do not have common points. 

Remark 3.4. A sufficient condition for (13.191) is that for any x G X the measure r]^ is abso- 
lutely continuous with respect to the volume measure in X. 

From now on, we tacitly assume that the intra-cluster configurations are a.s. -proper: 

Condition 3.3. For each x E X and for i^x-a-a. y EX, the projection set p(?/) C X is locally 
finite and simple. 

Theorem 3.4. Let /id be a cluster measure on the generalised configuration space -T^. Then 

(a) under Condition \3 .l\ fic\-a.a configurations 7 G -T^ are locally finite; 

(b) under Condition M .2\ yUd-a.a configurations 7 G -T^ are simple. 

Therefore, if both Conditions B .\\ and \3 .2\ are met then the cluster measure fici is concentrated 
on the proper configuration space Fx- 

Proof, (a) Let B C X be a compact set. From formula (13.151) and definition (13.171) of the set 
X^, it is clear that 7(5) < 00 for //cr^.a. configurations 7 G -T^ if and only if 



where the measure w is defined in (13.161) . Let f{y) := lxg{y), y E X. Recalling definitions 




(3.18) 



X-> := {r E {Xy : V{xi,X2} C 7, pfej H p(y.,) = 0}, 



(3.19) 



7(Xb) < 00 for w-a.a. ^ E F, 



(3.20) 
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(12.13b . (13.141) . (13.151) and using Condition [3711 we obtain 

(/, 7) = f ( f {f, 7) ^^(d7) j /i(d7) 

5^/(y)r/W))Md7) 



4 \>^4 



I I X^^x(^b) I /i(d7) < oo, 



which implies (13.201) . Thus, the absence of accumulation points is proved. 

(b) Let be the set of all generalised configurations in X that have multiple points. By 



definition (13.91) of the map there is the inclusion 

where the set X'^ is introduced in (13.191 ). Hence, from (13.131) we get, for /i-a.a. 7 G -Tx, 

= v'iP~\rl)) < i - r^^m = o 

according to Condition 13. 2[ and by formula (|3.14l) this implies that ficii^l-) = 0- ^ 
3.3. Existence of moments 

Definition 3.1. We shall say that the measure /i belongs to the class Ai^ = Ail{rx), for 
some r > 1 and a Borel measure 9 on X, if for any function / G ni<K<r ^'^(^^ ^) it holds 
that (/, 7) G U\rx, /i), that is, 

/ K/,7)r>(d7)<oo. (3.21) 

J Fx 

Lemma 3.5. The family of the classes {A^g, r > 1} is nested, that is, Ai'^^^ d M.lfor all 
r > 1 and any 6 > 0. 

Proof Indeed, let fi G A^^+^ then for any / G ni<,<r+5 L''{X, 9) C ni<,<r. ^'(^, ^) we 
have, by the Lyapunov inequality, 

/ r \r/{r+S) 

|(/,7)rMd7)< / |(/,7)rV(d7) <oo, 
Fx \Jrx J 

hence /i G A^^, as claimed. □ 

Condition 3.4. There is a locally finite measure 6* on X (i.e., 9{B) < 00 for any compact 
B C X), referred to as the reference measure, such that ji G M.\{rx)- 
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Remark 3.5. The condition /i G Ail^Fx) implies that 7(-B) < oo (fi-a.s.) for any Borel set 
B such that 9{B) < oo. Indeed, choose /(x) = 1b{x) E L^{X, 9), then (/, 7) = 7(5) and 
Definition 13.11 yields Jj^^^{B) n{d'j) < 00, hence the integrand is fi-a.s. finite. 

Example 3.1. Condition 13.41 holds for a Poisson measure txq with a locally finite intensity 6, 
as well as for a wide class of Gibbs perturbations of vrg (see, e.g., OHHl). More generally, 
any measure ji with bounded correlation functions up to order n (with respect to 9) belongs 
to M'^^Fx) (see AppendixE]). 

Example 3.2. Example of a different type is given by /i = 5^^, the Dirac measure on Fx 
concentrated on a given configuration 70 G Fx (e.g., if X = M*^ then we can set 70 = U^). 
Here we have 

/ K/,7)r/i(d7) = K/,7o)r, 

J Fx 

which implies that G Mq{Fx) with ^ = X]a;g7o 

Definition 3.2. Introduce the measures a on Z = X x X and ex on X as follows 

a(da;xdy) :=r/,(dy)^(dx), (3.22) 
a(dy) := / r^My)9{dx). (3.23) 

Lemma 3.6. Let ji G M'^ {Fx) for some integer n > 1. Then fi G A^^(r2). 
Proof. We have to show that, for any / G ^'^(^^ 

/ |(/,7)rMd7)<oo. (3.24) 

To this end, let us first observe using definition (13.221) that 

^ ^|/(x,y)rr/,.(dy)^ 9{dx)= ljf{z)ra{dz) < 00, 

which means that the function 

/,(x):= / |/(x,y)rr/,(dy), xeX, (3.25) 

belongs to L^{X, 9). Moreover, by the Lyapunov inequality we have, for q>l, 

= ljf{z)ra{dz)<oc, 

as long as 1 < nq < n. In other words, 

Ux)eL'^{X,9), l<q<n/K. (3.26) 
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Now, using the multinomial expansion we can write for an integer n > 1 



{zi,...,Zm}C-y 

where 0„(2;i, . . . , 2;^) is a symmetric function given by 



n „ 

XI / 5Z 4>n{Zi,...,Zm)fl{d^), (3.27) 

m=l fz-i 2:™.|C'7 



^4z,,...,zm):= Yl . , • . , \f{z,T---\f{z^)\'-. (3.28) 

ll,...,«m>l 



iiH him=n 



By definition of the measure jl (see (12.141) and (12.151) ). the integral on the right-hand side of 
(|3.27l) is reduced to 



E 7T^/ E n4(^.)Md7), (3.29) 

■■,«m>l {a;i,...,z™}C7 J=l 



ii,...,im>l 
iiH l-jm=n 



where we used notation (13.251) . Furthermore, with the help of the Jensen inequality the 
integral on the right-hand side of (13.291 ) may be estimated from above by 



1 1 ii /till' 

rx j=i xj^j "^Tx j^i 



^n(X <4'7r/^^>(d7)j • (3.30) 



To summarise, by inspection of relations (13.271) . (13.281) . (13.291 ) and (13.301) we see that in 
order to verify (|3.24l) it suffices to check that, for any /c = 1, . . . , 77, 

(/fc,7)"/V(d7)<oo. (3.31) 

rx 

But we already know (see (13.261) ) that G L''{X, 6) for 1 < q < n/k. On the other hand, 
by the hypothesis of the lemma we have fi e M'^iFx) C Mg^^Fx) (see Remark[33]), and 
now the required bound (13.311) follows by condition (13.211) with r = n/k. □ 
The next condition on the measure a will play an important part in our analysis. 

Condition 3.5. For any compact set B C X,it holds that 

a{XB) < 00, (3.32) 

where the set Xb is defined in (13.171) . 
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Remark 3.6. Conditions l3.4l and l3.5l taken together imply Condition [3TTJ Indeed, from (13.231) 
and (13.321) it follows that ?72.(Xb) as a function of x E X belongs to the space L^{X, 9). 
Thus, according to Definition 13. II we can apply Condition 13. 41 to obtain 

which is nothing else but condition (13.181) . Hence, by Theorem l3.4r a). the measure /Xci is 
concentrated on configurations without accumulation points. 

Denote by Nx{y) the "dimension" of vector y E X, that is, the total number of its 
components 

oo 

oo 

iVx(y) := yEX=UX^- (3-33) 

n=0 

Lemma 3.7. Suppose that, in addition to Conditions 13 .41 and 13 . 51 the function Nx{y) satis- 
fies, for any compact set B G X, an integrability condition 

I I Nx{yT'nxme{dx)<^, (3.34) 

Jx JXb 

Then the cluster measure /id belongs to the class A^^ (/x)- 

Proof. Using the change of measure (13.81) . for any (p E Cq{X) we obtain 



|(0,7)r/ici(d7)= / |(</),q(7))rMd7)= / | (q*</>, 7) T MdT), 

Fx JFz JFz 

where 

q*0(a;,y) := Y,^<P{y^). (x, G Z. (3.35) 

It suffices to show that q*</) G L^'^Z, a) for any m = 1, . . . , n. By the elementary inequality 
(ai + ■ ■ ■ + afc)'" < A;'"-i(a5" + ■ ■ ■ + a™), from (13351) we have 

/ |q*0(z)ra(d^) < / iVx(yr-' V|0(y.Or^(dxxdy). (3.36) 

Recalling that a{dx x dy) = r]x{dy) 9{dx) and denoting := sup^g^ 10(2^)1 < oo and 
Kfj, := supp C X, the right-hand side of (13.361) is dominated by 



{C^r / / Nx{yrvAdy)e{dx), 
Jx Jxk^ 

which proves the result. □ 



3.4. "Translations" and the droplet cluster 

Let us describe a general setting that may be used to construct the family of measures 
{rix{dy)}x(zx on X via suitable push-forwards ("translations") of a pattern measure Q de- 
fined on some auxiliary space. Examples of application of such an approach will be given in 
Section [5] below. 
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More precisely, let {W, B(W)) be a measurable space, with a Borel ci-algebra B{W) 
generated by the open subsets of W. Consider the corresponding space (cf. (12.11) ) 

oo 

22J:= (3.37) 

n=0 

and let Q be a probability measure on B{W). For any map (p : W ^ X, define as usual its 
diagonal lifting : QH — X by 

2n 3 w (^(w) := e X. (3.38) 

Like in Condition 13. 41 it is assumed that the reference measure 6' on X is locally finite. 
The main assumption in this section is as follows. 

Condition 3.6. Suppose there is a measurable map 

W X X 3 {w,x) ^ LPx{w) G X 

such that the measures 77^ on X are representable as 77^. = ^plQ; that is, for all x E X, 

V.iB) = Q{^~\B)), B e B{X). (3.39) 

Remark 3.7. In view of formula (13.391) , we shall often consider {'^x{-)}x&x as di family of 
the maps W 3 w ^ '^x{w) E X (indexed by a; G X). 

Remark 3.8. Fubini's theorem implies that, for each x E X, the map W 3 w ^ '^x{w) E X 
is measurable and hence (p^^{B) is a Borel subset of 2IJ, so that the right-hand side of 
formula (13.391 ) is well defined. We also have that, for any fixed Borel set B C X, the 
function r]x{B) : X ^ [0,1] is measurable. 

Definition 3.3. Given a map (px{w) as above, the set 

Db{w) ■={xEX : ifxiw) eB}cX, wEW, B E B{X), (3.40) 
is called a droplet of shape B anchored at w. Furthermore, the set 

Db{w):={xEX: ^x{w)eXb] ^X, w G 20, (3.41) 

is referred to as the droplet cluster (of shape B) anchored at w. 

Note that the droplet Db{w) is a Borel subset of X for each w E W; moreover, by 
Remark [X8] the same is true for the droplet cluster Db{w). On account of definition (13.171) . 
formula (13.411) can be rewritten in the form 

Db{w) = U Db{w,), weW. (3.42) 

Wi£w 

The following identity enlightens the geometric meaning of Condition 13.51 stated above. 
Lemma 3.8. For any Borel set B G X, there is the equality 

a{XB)= [ e{DB{w))Q{dw). (3.43) 

In particular, ^(Xb) < 00 if and only if the right-hand side of equation (13.431) is finite. 
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Proof. According to (IHSl) . (I339l) and (13401) . we have 
^(^b) = / / ^x(dy)^(dx) 



lx,(<^x(w^))Q(dw;)p(dx) 

X \JW J 
2B \JX J 

e{DB{w))Q{dw), 



as claimed. □ 
Due to formula (13.431) . Condition [33] can be rewritten as follows. 

Condition I3.5L For any compact set B G B{X), the mean 6'-measure of the droplet cluster 
Db{w) C X is finite, 

[ e{DBiw))Qidw) < oo. (3.44) 
Jw 

Building on Lemma 13. 8[ let us give two simple criteria, either of which is sufficient 
for Condition 13. 5 r and hence for Condition 13.51 The first criterion below (Proposition 13 .91) 
bounds the growth of the droplet volume and also assumes a finite mean number of points in 
the cluster, while the second criterion (Proposition 13. 101) requires the continuity and separa- 
bility of the maps (pxiw) and puts a restriction on the range of the parent cluster. 

Proposition 3.9. Suppose that the following two conditions hold: 

(i) (finite range of "translations") for any compact set B C X, the map ^Px{w) and the 
measure 9 satisfy the bound 

Cb ■■= sup e{DB{w)) < oo- (3.45) 

(ii) (finite mean of the cluster size) the total number of components inwEW (cf. (13.331) ) 
satisfies the integrability condition {cf. (13.341) ) 

[ Nw{w) Q{dw) < oo. (3.46) 
Jw 

Then Condition \3.5f is satisfied. 

Proof. By Lemma [X8l it suffices to show that the integral on the right-hand side of (13.431) is 
finite. From (13.421) and (13.451) we readily obtain 

0{Db{w)) < ^(DBiw,)) < CbNw{w), weW, (3.47) 

and by condition (13.461) it follows 

[ e{DB{w))Q{dw)<CB f Nw{w) Q{dw) <oo, 
as required. □ 
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Remark 3.9. Bound (13.451) holds, for example, if for every w E W the map X 3 x ^-^ 
(Px{w) G X is an isometry and the measure 9 is absolutely continuous with respect to the 
volume measure on X, with a bounded Radon-Nikodym density. 

Proposition 3.10. Suppose that the family of measurable maps (pxi^w) described above sat- 
isfies in addition the following two conditions: 

(i) (continuity in x) the map <^x{w) is continuous in x G X; that is, for any open subset 
U C X and each w E W, the set {x E X : ipxiw) G U} is open in X; 

(ii) (separability) for any compact set B d X and each w E W, there exists a compact 
Byj C X such that for any x ^ we have (fxiw) ^ B. 

Assume also that there is a compact set Eq G B(W) such that Q{^o) = I, where (Bq := 
LJ^Q Eq {cf. (13.371) ): that is, all components of Q-a.a. vectors w G 211 lie in Eq C W. Then 
Condition ^ .5t is satisfied. 

Proof. Let i? C X be an arbitrary compact set. Using formula (13.421) and definition (13.401) . 
for any w E €owe have the inclusion 

DBiw) = U DBiw,) C U Dsiw) 

= {x : ^x{Eo) n 5 ^ 0} =: C X (3.48) 

To complete the proof, it suffices to show that 6{Db) < oo, since then, by Lemma [X8l it will 
follow 

a{XB)= [ e{DBiw)) Qidw) = [ e{DBiw)) Q{dw) 

< 0{Db) [ Qidw) = e{bB) < oo. 
J do 

To this end, for each w E Eq consider the set 

A^ := {w' E Eo : ipx{w') i B for all x i B^} E Eo, (3.49) 

where B^ C X is a compact defined in property (ii); in particular, it follows that w E A^ 
and hence Eq C U«,eVF Furthermore, using property (i) it can be shown that each 
is an open set in the topology induced from W by restriction to Eq (i.e., with open sets in 
Eq defined as U D Eq for all U open in W). Since Eq is compact, there is a finite subcover; 
that is, one can choose finitely many points Wi, . . . , Wm G Eq such that Eq C UHi ^m- 
Then, using (13.491 ), it is easy to see that for any x outside the set i?^, := Ui^i have 
(Px{w) ^ B for all w E Eq. According to definition (13.481) of the set Db, this implies that 
Db C -B*, hence 9{Db) < 9{B^) < oo. The proof is complete. □ 
The next statement gives a criterion sufficient for Condition 13.21 (in turn, implying the 
simplicity of the cluster measure /id, according to Theorem 13. 41) . 

Proposition 3.11. Let /id be a cluster measure on the generalised configuration space F^. 
Assume that the background measure fi of cluster centres has a locally bounded second- 
order correlation function h?^ {see Appendix iBl). Assume also that for 9-a.a. x E X the 
corresponding "point" droplet cluster Ds^x}iw) has a.s. zero 9-measure, 

9{D{x}{w)) = for Q-a.a. w eW. (3.50) 
Then Condition \3.2\ is satisfied and hence /id-a.a. configurations 7 G are simple. 
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Proof. It suffices to prove that, for any compact set A (Z X, there are /Ud-a.s. no cross-ties 
between the clusters whose centres belong to A. In view of the projection construction of the 
cluster measure fici (see (13.81) ). this means that if Aa is the set of generalised configurations 
7 G -TI, each with at least two points z = {x^y^), z' = {x',yx') (-2, z' e ^, z z') such 
that {x,x'} C 7 n yl and p{yx) n p{yx') 7^ 0, then we must show that /i(Ayi) = 0. Note 
that since the ground configuration 7 e rj^ may have multiple points, the points x = Px{z), 
x' = px{z') in the pair {x, x'} C 7 are allowed to coincide. 

Recalling the skew-product definition (12.141) of ft, we see by inspection of all pairs 
{x,x'} C 7 := pxil) that 



where 



/ V 1^2(x,x')/(x,x')Md7), (3.51) 

''^x {x,x'}C'y 



f{x,x'):=rix®rix'(Vx)= Iv^iv, v') Vx{dy) r]x'{dy') (3.52) 

and the set Vx C is defined by 

-Dx := my') e : p(y) H p(y') ^ 0}. (3.53) 
By definition (IB. II) of correlation functions, the right-hand side of (13.511) is reduced to 

^[ f{x,x')Kl{x,x')e{dx)9{dx') <const [ f{x,x')e{dx)e{dx'), (3.54) 
2! Ja2 Ja2 

since, by assumption, is bounded on A^. Furthermore, substituting (13.521) and changing 
the variables y = (px{w), y' = (px'{w') (see (13.391 )). the integral on the right-hand side of 
(|3.54l) is rewritten as 



yl2 \JX'^ ^ 



IvAvA^)^ ^a^'iw)') Q^\dw X dw')j e^\dx X dx') 

IvAM^), ^x'iw)') 9'^\dx X dx')^ Q^\dw X dw') 
e^^{BA{w,w'))Q^\dw X dw'), 



X2 \Ja'2 ^ 



1^2 

where the set Ba{w, w') C A"^ is given by (cf. (13.531) ) 

Ba{w,w') := {{x,x') G A"^ : (px{w) = ipx'{w') for some w Gw, w' E w'}. 
It remains to note that 



e^\BA{w,w')) = ^^(U.,e^U.^e^'{^' : ^.'K) = ^Aw,)}) 9{dx) 

^Y. j (^iy^^',^^'{^'■■^Aw',) = ^m^)})o{dx) 

J2 [ didx) = (g«^-a.s.), 
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since, by assumption (13.501) . = for 9-a.a. x E A, Q-a.a. w E W and each 

Wi E w, and, moreover, w E W contains at most countably many coordinates. Hence, the 
right-hand side of (13.541) vanishes and due to estimates (13.511) and (|3.54l) the claim of the 
proposition follows. □ 
It is easy to give simple sufficient criteria for condition (13.501) of Proposition [3TTT] The 
first criterion below is set out in terms of the reference measure 9, whereas the second one 
exploits the in-cluster parent distribution Q. 

Proposition 3.12. Assume that for each x E X, the equation <^y{w) = x has at most one 
solution y = y{x; w) for every w E w and Q-a.a. w E 211. Furthermore, let the measure 6 
be non-atomic, that is, 0{y} = Ofor each y E X. Then condition (13.501) is satisfied. 

Proof. Using formula (13.421) and definition (13.401) . we obtain 



= ^e{y E X : ifyiwi) = x} 
= ^%(x;i/;,)} = 0, 

since the measure 9 is non- atomic. □ 

Proposition 3.13. Suppose that the in-cluster configurations a.s. have no fixed points, that 
is, for any x E X and 9-a.a. y E X, 

Q{^w G QU : 3wi Ew such that fy{wi) = x} = 0. (3.55) 

Then condition (13.501) follows. 

Proof. Observe that identity (13.431) together with the change of measure (13.391 ) yields, for 
each X E X, 

9{D{,}{w))Q{dw)= [ ( [ r],idy)] 9{dx') 



g(^;/(%.|))^(da;') 

= / Q{w E 2n : '^x'iwi) = X for some Wi E w} 9{dx') = 0, 
Jx 

according to (13.551) . Thus, the proof is complete. □ 



4. Quasi-invariance and integration by parts 

From now on, we assume that the probability distribution of the centre process (see the 
beginning of Section [3]) satisfies the following natural condition. 

Condition 4.1. The measure /i is supported on the proper configuration space, f^iPx) = 1; 
that is, /x-a.a. configurations 7 are locally finite and simple. 
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Note that in this case the measure fi is concentrated on the marked configuration space 

rx{X) := {7 e : px{l) G Fx}. 

Let us also assume that X is a Riemannian manifold (with a fixed Riemannian structure). 
Our aim in this section is to prove the quasi-invariance of the measure /id with respect to the 
action of compactly supported diffeomorphisms of X (Section l4~2l) . and to establish an IBP 
formula (Section |431) . We begin in Section l4~n with a brief description of some convenient 
"manifold-like" concepts and notations first introduced in [[3l (see also ifTOl §4.1]), which 
furnish a suitable framework for analysis on configuration spaces. 

4.1. Differentiable functions on configuration spaces 

Let T^X be the tangent space of X at point x E X, with the corresponding (canonical) inner 
product denoted by a "fat" dot • . The gradient on X is denoted by V. Following f3\, we 
define the "tangent space" of the configuration space /x at 7 G Fx as the Hilbert space 
T^Fx := L^{X TX; d-f), or equivalently T^Fx = ^^^^T^X. The scalar product in 
T^Fx is denoted by (-, ■)^, with the corresponding norm |-|^. A vector field V over Fx is a 
map -Tx 3 7 H- V{'y) = {V{^)x)xej G T^Fx ■ Thus, for vector fields Vi, V2 over Fx we 
have 

(V^i(7), ^2(7)), = Yl ^i(^)- • ^2(7)x, 7 G Fx. 

For 7 G -Tx and x G 7, denote by O^^^ an arbitrary open neighborhood of x in X 
such that O^^x n 7 = {x}. For any measurable function F : — M, define the function 

FAl, ■) : 0^,x ^ M by ^,.(7, y) := ^((7 \ {x}) U {y}), and set 

V..F(7):= VF,.(7,y)|^^,, xeX, 

provided that ^2,(7, ■) is differentiable at x. 

Recall that for a function : X — )■ M its support supp (p is defined as the closure of the 
set {x G X : (j){x) 7^ 0}. Denote by J^C{Fx) the class of functions on Fx of the form 

ni) = 7), • • • , 7)), 7 G Fx. (4.1) 

where A; G N, / G C^iM}") (:= the set of C°° -functions on globally bounded together 
with all their derivatives), and 0i, . . . , 0fc G C^(X) (:= the set of C°°-functions on X with 
compact support). Each F G J-'C{Fx) is local, that is, there is a compact B C X (e.g., 
B = supp (pj) such that ^(7) = F(7 fl B) for all ^ E Fx- Thus, for a fixed 7 there are 
finitely many non-zero derivatives VxF{'y). 

For a function F E J-'C{Fx) its .T-gradient V^F is defined as 

V^F(7) := (V.F(7)),e7 e T,Fx, 7 G Tx, (4.2) 
so the directional derivative of F along a vector field V" is given by 

V^F(7) := (V^F(7),\/(7))7 = V.F(7) • V^(7)x, 7 G Tx- 
Note that the sum here contains only finitely many non-zero terms. 
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Further, let J-'V{rx) be the class of cylinder vector fields V on Fx of the form 

k 

V{l). = J2 ^•'(^) ^*(^) ^ ^ ^ ^' (4.3) 

where G TC{rx) and G Vecto(X) (:= the space of compactly supported C°°-smooth 
vector fields on X), i = 1, . . . ,k (k G N). Any vector filed v G Vecto(X) generates a 
constant vector field V on Fx defined by ^(7)3; := v{x). We shall preserve the notation v 
for it. Thus, 

The approach based on "lifting" the differential structure from the underlying space X 
to the configuration space Fx as described above can also be applied to the spaces X = 
U^=o 2 = X X X and Fx, Fz, respectively. In such cases, we will use the analogous 
notations as above without further explanation. 

4.2. Quasi-invariance 

In this section, we discuss the property of quasi-invariance of the measure ficx with respect 
to diffeomorphisms of X. Let us start by describing how diffeomorphisms of X act on 
configuration spaces. For a measurable map (^9 : X — > X, its support suppy? is defined as 
the closure of the set {x G X : 7^ x}. Let Diffo(X) be the group of diffeomorphisms 
of X with compact support. For any 93 G Diffo(X), consider the corresponding "diagonal" 
diffeomorphism : X — )■ X acting on each constituent space X" {n G Z+) as 

X" 9 y = (yi, ...,?/„) ^{y) := {^{yi), . . . , <^(y„)) G X"". (4.5) 

Finally, we introduce a special class of diffeomorphisms on Z acting only in the y- 
coordinate, 

ip{z) := (x,<^(?/)), z = {x,y) G Z. (4.6) 

Remark 4.1. Despite J^ip := supp (p is compact in X, the support of the diffeomorphism cp 
(again defined as the closure of the set {z e Z : (p{z) ^ z}) is given by supp (p = X x Xk^ 
(see (13.171) ). where Xk^ is not compact in the topology of X (cf. Remark [XT]) . 

In a standard fashion, the maps p, p and ip can be lifted to measurable "diagonal" trans- 
formations (denoted by the same letters) of the configuration spaces Fx, Fx and Fz, respec- 
tively: 

9 7 ^ <^(7) :={<^(a;), x G 7} e Fx, (4.7) 
Fx3'y ^ <^(7) ■={^iy)^ 2/ e 7} G Fx, (4.8) 
Fz^i^ ^{1) :={<^(2), 2 G 7} e r^. (4.9) 

The following lemma shows that the operator q commutes with the action of diffeomor- 
phisms (HTTl) and (1431 ). 

Lemma 4.1. For anj diffeomorphism (p G Diffo(X) anJ corresponding diffeomorphism 
(p, it holds 

o q = q o (4.10) 
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Proof. The statement follows from definition (13.21) of the map q in view of the structure of 
diffeomorphisms if and (p (see (|431) . (1471) and (|49|) ). □ 
Assume that, for all a: G X, the measure r^^i. is absolutely continuous with respect to the 
Riemannian volume dy on j£ and, moreover, 

:= > fora.a. yeX. (4.11) 

dy 

This implies that the measure rjx is quasi-invariant with respect to the action of transforma- 
tions : j£ — 7- j£ ((^ G Diffo(X)), that is, the measure <^*77a; is absolutely continuous with 
respect to rj^ with the Radon-Nikodym density 



(we set p'^{x,y) = 1 if h.j;{y) = or hx{ip~^{y)) = 0). Here J^piy) is the Jacobian de- 
terminant of the diffeomorphism Lp; due to the diagonal structure of (p (see (|4.5I) ) we have 
Jipiv) = YlyiGy JfiVi)^ whcrc J^{y) is the Jacobian determinant of (p. 

Theorem 4.2. The measure fi is quasi-invariant with respect to the action ofp on Fz defined 
by formula (14.61) . with the Radon-Nikodym density Rf = d{0*fi)/dfi given by 

^i(7)=n^?(^)' (4.13) 

Moreover, Rf e L^Fz^fi). 

Proof. First of all, note that Pip{z) = 1 for any z = {x,y) ^ supp(^ = X x Xb =■ Z^^, 
where = suppv? (see Remark |4?T1) . and a{ZK^) = (j{Xk^) < 00 by Condition [33] (see 
(13.221) ). Therefore, 7(Zx^) < 00 for /i-a.a. configurations 7 G Fz, hence the product in 
(|4.13l) contains only finitely many terms different from 1 and so the function R^ij) is well 
defined. Moreover, it satisfies the "localisation" equality 

Rtil) = Rtil n Zk,) for /i-a.a. 7 G Fz. (4.14) 
Now, using definitions (1471) . (|481) and (12.131) . we obtain 

F(7)rMd7)= / F(^(7))A(d7) 

([ F{^,p{r))7^^dr))Kdi) 

Fx \JX'i J 



F{^,p>{y<))%^My.)]^{^l) 

= [ ( [ F{^,r) (g) ^*vMy.)) /i(d7). (4.15) 

JTx \JX'i x€j J 

Furthermore, by the quasi-invariance property of the measure r/^. (see formula (14.121) for the 
density), the right-hand side of (14.151) is represented in the form 

nP?(x,y.)r/^(dy^)]^(d7)= / F(7)4(7)Md7), 
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which proves the quasi-invariance of jl. In particular, for F = 1 this yields jp^R^{l) fi-{'^l) 
= 1, and hence R"^ G L^{rz, ft), as claimed. □ 
Let Xq : L°°{rx, /id) — ^ L^^i^z, fi) be the isometry defined by the map q (see (13.21) ). 

(XqF)(7):=Foq(7), 7 G T^. (4.16) 

The adjoint operator X* is a bounded operator on the corresponding dual spaces, 

X; : L^{rz,fi)' -> L°°(rx,/ici)'. (4.17) 

Lemma 4.3. The operator X* defined by (14.171) can be restricted to the operator 

i;:L\rz,fi)^L\rx,fici). (4.18) 

Proof. It is known (see f2M ) that, for any a-finite measure space (M, /i), the corresponding 
space L^{M, jj) can be identified with the subspace V of the dual space L°°{M, /i)' consisting 
of all linear functionals on L°°(M, jj) continuous with respect to the bounded convergence 
in L°°{M,n). That is, i E V if and only if i{tpri) -> for any ipn e L°°{M,^i) such 
that \il)n\ < 1 and ^„(x) — as n — 00 for /i-a.a. x G M. Hence, to prove the lemma it 
suffices to show that, for any F G L^(X2, /i), thefunctionalX*F G L°°(X2, /t)' is continuous 
with respect to bounded convergence in L°°{rz, ft). To this end, for any sequence (^/'„) in 
L°°(Xx, /ici) such that \ipri\ < 1 and i'nil) for /Ud-a.a. 7 G Xx, we have to prove that 

x;x(^„) ^ 0. 

Let us first show that Xq?/^„(7) = ^ni^il)) — ^ for /i-a.a. 'j E Fz. Set 

:={7 e Xx : Ml) ^ 0} G i3(Xx), 
^ -{7 e ^2 : V^n,(q(7)) ^ 0} G i3(X2), 
and note that = q~^{A^); then, recalling relation (13.81) . we get 

/i(i^) = /i(q"^(A^)) = /ici(A^) = 1, 
as claimed. Now, by the dominated convergence theorem this implies 

X;X(^„) = / X(7)Xq^„(7)/i(d7) ^ 0, 

and the proof is complete. □ 

Corollary 4.4. For any measurable functions F E L°°(Xx,/ici) and G E L^{Fz,ft), we 
have the identity 

^ G(7)XqX(7)Md7)= / X(7)X;G(7)/ici(d7). (4.19) 

Fz J Fx 



Taking advantage of Theorem 14.21 and applying the projection construction, we obtain 
our main result in this section. 

Theorem 4.5. The cluster measure /id is quasi-invariant with respect to the action of the 
diffeomorphism group Diff o(X) on Fx- The corresponding Radon-Nikodym density is given 
byR^^^^=i;RlEL\Fx,fici). 
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Proof. Note that, due to (1X81) and (14.10b . 



/^ci°V^ =A°1 ° V = fio (p oq . 

That is, (p*jJLc\ = /ici o V'"^ is a push-forward of the measure Lp*ji = ft o (p~^ under the map 
q, that is, v5*/ici = In particular, if is absolutely continuous with respect to fi 

then so is </3*/ici with respect to /id. Moreover, by formula (13.81) and Theorem 14. 2 [ for any 
F e L~(rx, /Xci) we have 

I F(7)^*/id(d7)= / X,F(7) r/i(d7) = / X,F(7)4(7) /i(d7). (4.20) 

By Lemma l43l the operator X* acts from L^{rz, fi) to L^(Xx, yUd). Therefore, again using 
(|3.8I) the right-hand side of (14.201) can be rewritten as 

/ i^(7)(X;4)(7)/ici(d7), 

J Fx 

which completes the proof. □ 

Remark 4.2. Cluster measure /ici on the configuration space Fx can be used to construct a 
unitary representation U of the diffeomorphism group Diffo(X) by operators in L^(Xx, /id), 
given by the formula 

u^ni) = VRUi)Fi^~\i)), F e L2(rx,/id). (4.21) 

Such representations, which can be defined for arbitrary quasi-invariant measures on Fx, 
play a significant role in the representation theory of the group Diffo(X) ll20l[30ll and quan- 
tum field theory [[TtI [T8l . An important question is whether the representation (14.211) is 
irreducible. According to ll30ll . this is equivalent to the Diffo(X)-ergodicity of the measure 
Hch which in our case is equivalent to the ergodicity of the measure /t with respect to the 
group of transformations cp {^p E Diffo(X)). 

4.3. Integration-by-parts (IBP) formulae 

In this section, we assume that the conditions of Lemma [377] are satisfied with n = 1. Thus, 
the measures //, ft and /id belong to the corresponding A^^-classes. It is also assumed, as 
before, that for each x E X the measure 7].^. is absolutely continuous with respect to the 
Riemannian volume dy on X, with the Radon-Nykodym density hx{y). 

4.3.1. Integration by parts for the cluster distributions rix. Let v E Vecto(X) (:= the 

space of compactly supported smooth vector fields on X), and define a "vertical" vector 
field V on Zhy the formula 

v{x,y) := {v{y.-^)y^(.y, y = (yi) E X. (4.22) 

Observe that if the density hx{y) is differentiable (dy-a.e.) then the measure rj^ satisfies the 
IBP formula (see, e.g., M §1-3, §2.4]; cf. IH §5.1.3, p. 207]) 

/ VJ{y) v.{dy) = - f f{y) y) r/.(d^), / E C^{X), (4.23) 
Jx Jx 
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where V" is the derivative along the vector field v and 

:= i(3rj{x,y),vix,y))TyX + diYv{x,y) (4.24) 

is the logarithmic derivative of ?7x(dy) = hx{y) dy along v, expressed in terms of the vector 
logarithmic derivative 

Mx, y) := e TyX, {x, y) e X x X. (4.25) 

Denote for brevity 

\\y\\i-=^\yil y e X. 

Lemma 4.6. Suppose that J^^ \\(3^{z)\\'1 a{dz) < oo for any compact B C X, and assume 
that condition (13.341) is satisfied. Let v be a vector filed on Z defined by (14.221) with v e 
Vecto(X). Thenl3fi E L''{Z,a). 

Proof. To show that G L'^{Z, a), it suffices to check that each of the two terms on the 
right-hand side of (14.241) belongs to a). Setting by := sup^^x 1^(3^)1 < ^ ^^'^ noting 

that Ky := supp f is a compact in X, we have 



I \%{z),v{z)Ta{dz)< I I [Y.\^{x,y),\-\v{y.^ 



)| r/.(d^)^(dx) 



<(M"/ / r/.(d^)^(dx) 

= {Kr[ \\/3r,{z)r,a{dz)<oo, (4.26) 

by the first hypothesis of the theorem. Similarly, denoting := sup^-gj^^ | divt'(x)| < oo, 
we obtain 

/ |div{)(x,y)|"a(dx X dy) = / V |divt;(yi)| r]^{dy)e{dx) 

<{dX [ [ Nx{yrvx{dy)e{dx) <oo, (4.27) 



X JXf 



according to assumption (13.341) . As a result, combining bounds (14.261) and (14.271) . we see that 
e a), as claimed. □ 

Let us define the space hI^^{X) in > 1) as the set of functions / G L"(X, dy) satisfying, 
for any compact B C X, the condition 

'^nif)--= [ WVfmidy^ [ f$^|V,J(y)|) dy<oo. (4.28) 

Due to the elementary inequality (|a| + |6|)" < 2"-i(|a|" + ifi'"(X) is a linear space. 

The integrability condition in Lemma 14^6) on the vector logarithmic derivative I3r^{z) can 
be characterised as follows. 
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Lemma 4.7. Assume that, for some integer n > 1, h]/^ G hI^^{X) for 9-a.a. x G X. Then 

Izg \\t^ri{z)\\i (Tzidz) < OO if and only if for any compact B C X 

[ Kf(/ii./")e(da:)<oo. (4.29) 
Jx 

Proof. Substituting formulae (14.1 II) and (14.251) . it is easy to see that 




X JXb 



oo, 



X 



according to (14^281) and (14391) . □ 
From now on, we assume the following 

Condition 4.2. For any compact B C X, the vector logarithmic derivative defined in 
(14.251) satisfies the integral bound 

\\f3^{z)\\ia{dz) < oo. 

Zb 

4.3.2. Integration by parts for r]^ as a push-forward measure. Using the general IBP 
framework outlined in Appendix |Bl and in particular picking up on Remark ICTl let us con- 
sider the special case with W := W = [J^^i y ■= X = \Jn=i ^" and := <^^, 
where the maps y?^. : W — j- X (x G X) are described in Section I3.4[ We assume that 
(fx e C'^{W,X) uniformly in x G X (i.e., with global constants bounding the first two 
derivatives, dipx{w) and d^ipx{w)). Furthermore, given a probability measure Q on QU, con- 
sider the family of measures {7]x}xex on X defined by (cf. (13.391) ) 

r]x := ^IQ, X G X. (4.30) 

We need the following two integrability conditions on the vector logarithmic derivative 
(3q{w) and the number of components Nw{w) in a (random) vector w G QU, both involving 
the 6'-measure of the droplet cluster Db{w) for any compact B C X (see (13.411) ): 



\\/3q{wW; e{DB{w))Q{dw) < oo, (4.31) 

[ NwiwT 9{Db{w)) Q{dw) <oo. (4.32) 
Jw 

We can now prove the following result. 
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Theorem 4.8. Suppose that conditions (14.311) and (14.321) hold for some n > 1. Then the 
following statements are true: 

(a) The function Nx{y) satisfies the integrability condition ^3.341) . that is, for any com- 
pact set B C X 

[ [ Nx{yrvMy)e{dx)<oo. (4.33) 
Jx JXb 

(b) For any v G Vecto(X), the measure rj^ satisfies the IBP formula (14.241) with the 
corresponding logarithmic derivative G L'^{Z, a). 

Proof (a) By the change of measure (14.301) . we obtain (cf. the proof of Lemma l3.8l) 

/ / Nxiyrv.idy)eidx)= [ [ lx,{^,iw))Nw{wrQ{dw)e{dx) 
Jx Jxb jx Jw 

= [ Nw{wreiDBiw))Q{dw)<oo, 
Jw 

according to condition (14.321) . and so the first part of the theorem is proved, 
(b) Recall that the vector field v on Z = X x Xis defined by 

v{x, y) := {v{yi))y^^- , y = {y,) G X. (4.34) 

Then, owing to the component- wise structure of the map ip^ (cf- (13.381) ). we have 

{X^^v){x,w) = {(X^^v){wi))^^^., w = (wi) G 2IJ. 

It is clear that v G Vect^(X). Moreover, l^^v G VectliW), X^^v G Vect^(2n) uniformly in 
X G X, which implies that 

Ci := sup \X^^v{w) \ < oo, (4.35) 

x&X,w£W 

C2 := sup I divX^^t;(u;)| < 00. (4.36) 

x£X,w&W 

By Theorem IC.ll and Remark ICTI in Appendix O the measure rfx = '^^.Q satisfies the IBP 
formula (14.241) with the logarithmic derivative 

y) = {x;Jq^-') (y), xeX, yeX, (4.37) 

where 

f3Q''^''{x,w) = {f3Q{w), X^ J (w)) ^^^ + diYX^ J (w) 

Let us show that /3* G a). Recall that the map X*^ : L"(2n, Q) r/^) is an 

isometry. Thus, according to (14.371) and after the change of measure (14.301) . we have 

/ |/3;(z)|"a(dz) < [ [ p;{x,y)\\;a{dx x dy) 
Jz Jx Jx 

= 11 \\Pl'^\x,w)\\'lQ{dw)e{dx). 
Jx Jm 
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Observe that supp Ji^^f) = (p^^{Xk^), where Ky := supp v. Then, similarly to the proof of 
Lemma l477l we obtain 

JxJ(p-\XK,,) 




X JW 



< sup \i^M^r [ (y.\m 



/ \WQiw)f, e{DKAw))Q{dw) < OO, 



according to condition (|4.31l) . Similarly, using bound (|4.36l) and making the change of mea- 
sure (14.301) . we get 



/ / \dwI^^v{w)\^Q{dw)e{dx) 
Jx Jw 



X Jw 



< sup |divX^^t;Hr/ / Nwiw)'' Q{dw) e{dx) 



= C^ / Nx{yrvAdy)Oidx)<oo, 

Jx JXk^ 

according to part (a). Thus, part (b) of the theorem is proved. □ 

Remark 4.3. Recalling a simple bound (13.471) for the 6'-measure of the droplet cluster Db{w), 
we observe that, under condition (13.451) (see Proposition 13 .91) . conditions (14.311) and (I4.32|) 
of Theorem 14.81 specialise, respectively, as follows: 

\\(3Q{w)f^Nw{w)Q{dw) < oo, / Nwiwr"-' Qidw) < oo. 

Similarly, the assumptions of Proposition 13.101 imply that sup^^^ 9 {Db{w)) < oo (see the 
proof), so that conditions (14.311) and (14.321) transcribe, respectively, as 



\\PQ{w)f^ Qidw) < oo, / Nwiwr Q{dw) < oo. 
w Jw 

4.3.3. Integration by parts for the cluster measure /id. Denote by TCaiPz) the class of 
functions on Fz of the form 

F{7) = 7), . . . , 7)), 7 e r^, (4.38) 

where keN, f e C^(R'') and 0i, . . . , 0^ e C^{Z) := the set of C°°-functions on Z with 
(T-finite support (cf. (14.11) ). 

For any F E FC{Fx) we introduce the function F = X^F : — IR- It follows from 
condition (|3.32l) that 

F e TCaiFz). (4.39) 
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Theorem 4.9. The measure jl satisfies the following IBP formula 

[ VfF(7)/i(d7) = - / F(7)S|(7)Md7), (4.40) 

where 

Blil) := P>^y) ^ L\rzrii). (4.41) 

{x,i/)e7 

Proof. Let us first observe that the integral on the left-hand side of (14.401) is well defined 
because fi G MUFz). Indeed, the inclusion (14.391) implies that the function 

Gi^):=Y,VyF{l)'Hy), z = ix,y)eZ, 7 G T^, 

is bounded and has a-finite support, which implies that G E L^{Z, a). Thus the function 

r2 37^(G,7) = V;F(7) 

belongs to L'^iFz, (x) by the definition of the class M]){rz). 

Using decomposition (12.151) of the measure fi and taking the notational advantage of the 
one-to-one association x for (x, y^;) G 7 = (7, y"^') (see (12.111) ). we obtain 

V;F(7) /i(d7) = / (/ $^V|^F(7,r)r/W))Md7) 

J Fx \JX^ J 

= / Ef/ VtF(7,y^)r/^(dr)V(d7) 



I Hi I VtF(7,r) (8)^x.'(dy.'))Md7), (4.42) 
Jrx V^XT x'e7 / 



by a product structure of rf (see (12.131) ). Furthermore, on applying the IBP formula (14.231) 
the right-hand side of (14.421) is represented in the form 

Fx \JX'< J 

F(7)4(7)/i(d7). 

which proves formula (14.401) . 

Finally, in view of Condition 13. 4[ Lemma [3^ implies that fi G Ai^irz), and by Defini- 
tionOand Conditiongjit follows that 5| G L^Fz, fi). □ 

The next two theorems are our main results in this section. 
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Theorem 4.10. Forany function F G J^C{Fx), the cluster measure satisfies the following 
IBP formula 

j Yl V.i^(7) • v{x) /ici(d7) = - / F(7) B;Jj) /i,i(d7), (4.43) 



where ^^^^(7) := X*i?^ G L^{Fx, yUd) (5ee (14.181) ) anJ logarithmic derivative -8^(7) '■5' 
defined in (14.411) . 

Proof. For any function F G J-'C{Fx) and vector field G Vecto(X), let us denote for 
brevity 

i7(x,7) := Va.F(7).t;(x), x E X, ^ E Fx. (4.44) 
Furthermore, setting F = X^F : Fz M we introduce the notation 

H{z,j):=VyF{^)'v{y), z={x,y)EZ, j E Fz. (4.45) 

From these definitions, it is clear that 

I, ( J2 H{x, 7) ) (7) = E ^ ^ (4-^6) 

By Theorem |4.9l the measure (1 satisfies the IBP formula 

/ Y.H{z,^)m) = - j Fi^)B;{j)m). (4.47) 



where the logarithmic derivative -6^(7) = {P^, l) belongs to L^{Fz, fi) by Theorem]?? 
Now, using formulae (14.451) . (14.461) and (14.471) . we obtain 

5^if(x,7)/ici(d7)= / ( Yl VgX,F(7).i)(y))/i(d7) 



X,F(7)5|(7)/i(d7) 
F(7)X;i?|(7)/ici(d7), 

where X*5| G (Xx, /id) by Lemma|43l Thus, formula (14431) is proved. □ 

Remark 4.4. Observe that the logarithmic derivative 5^ = (/3^,7) (see (14.471) ) does not 
depend on the underlying measure /i, and so it is the same as, say, in the Poisson case with 
/i = TTg. Nevertheless, the logarithmic derivative 5^ ^ does depend on yU via the mapping X*. 

According to Theorem 14.101 B^^^ G L^{Fz, fJ^d)- However, under the conditions of 
Lemma I4~6l with n > 2, this statement can be enhanced. 

Lemma 4.11. Assume that |/3^(2;)|™' a{dz) < 00 for m = 1,2, ... ,n and some integer 
n > 2, and let condition (|3.34l) hold. Then i?^ ^ G L"'{Fz, /id)- 
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Proof. By Lemmata 1X7] and 1431 it follows that (/3^,7) e U^^Fz^fi). Let r := n/{n - 1), 
so that + = L Note that Xq can be treated as a bounded operator acting from 
U{rx, /ici) to U'{rz, /t). Hence, X* is a bounded operator from U{rz, fi)' = L"{rz, fi) to 
U{rx, /ici)' = //d), which implies that Bl^^ = X;(/3;, 7) G L"(r^, /iei). □ 

Formula (14.431) can be extended to more general vector fields on Fx- Let J-'V(Xx) be the 
class of vector fields V of the form ^(7) = (V^(7)x)a;G7> 

k 

V{^), = Y,G,{i)v,{x)eT,X, 
i=i 

where Gj G TC{rx) and Vj G Vecto(X), j = 1, . . . , fc. For any such V we set 

<,(7) := (X;i?J^^)(7), 

where i?^''^(7) is the logarithmic derivative of jl along XqF(7) := y(q(7)) (see dill). Note 
that XqV is a vector field on X2 owing to the obvious equality 

Clearly, 

<,(7) = Efe(7)i?;^,(7) + E^-^^(7) • 

j=l ^ a;e7 

Theorem 4.12. For any Fi, F2 G J^C(rx) anc? V G J^V(rx), we /zave 

i^i(7) E^-^2(7) •^(7)x./ici(d7) - / Fi(7)F2(7Xj7)/^ci(d7). 

Proof. The proof can be obtained by a straightforward generalisation of the arguments used 
in the proof of Theorem 14. 101 □ 
We define the vector logarithmic derivative of /id as a linear operator 

5^^,: TV{Fx) ^L\Fx, fici) 

via the formula 

5.c,^(7):=i?L(7)- 
This notation will be used in the next section. 

4.4. Dirichlet forms and equilibrium stochastic dynamics 

Throughout this section, we assume that the conditions of Lemma 13.71 are satisfied with 
n = 2. Thus, the measures /i, jl and /id belong to the corresponding A^^-classes. Our con- 
siderations will involve the X-gradients (see Section |4~T1) on different configuration spaces, 
such as Fx, Fx and Fz; to avoid confusion, we shall denote them by V^, and V^, 
respectively. 



^x 
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Let us introduce a pre-Dirichlet form S^^^ associated with the Gibbs cluster measure /Xci, 
defined on functions Fi, F2 G J^C{rx) C L'^iFx, /id) by 

£^,(Fi,F2):= / (Vj;Fi(7),V^F2(7)),/ici(d7). (4.48) 

J Fx 

Let us also consider the operator H^^^ defined by 

H^^^F := -A^F + B,^y^F, F G TCiFx), (4.49) 

where A^F(7) := E.e, A.i^(7)- 

The next theorem readily follows from the general theory of (pre-)Dirichlet forms asso- 
ciated with measures from the class M'^iFx) (see Il4ll26l). 

Theorem 4.13. The pre-Dirichlet form (14.481) is well defined, i.e., F2) < 00 for all 

Fi,F2 G J^Ci^Fx). Furthermore, expression (14.491) defines a symmetric operator H^^^ in 
L'^{Fx, /ici), which is the generator of £^^^, that is, 

F2) = / Fi(7) //^,F2(7) /ici(d7), F^, F^ G J^C{Fx). (4.50) 
Jtx 

Formula (14.501) implies that the form S^^^^ is closable. It follows from the properties of 
the carre du champ ^^^^g^ Va;-Fi(7) • VxF2{l) that the closure of (for which we shall 

keep the same notation) is a quasi-regular local Dirichlet form on a bigger state space Fx 
consisting of all integer- valued Radon measures on X (see ll26l ). By the general theory of 
Dirichlet forms (see [|25l ). this implies the following result (cf. ll3ll4l[T0l). 

Theorem 4.14. There exists a conservative diffusion process X = (X^, t > 0) on Fx, 
properly associated with the Dirichlet form £^^^, that is, for any function F G L'^{Fx, fJ^d) 
and all t > 0, the map 

FxBl^PtFi^) := / F(Xi)dP^ 

J SI 

is an £ ^^^-quasi-continuous version of exp(— tif^^jF. Here Q is the canonical sample space 

(of Fx-valued continuous functions on M+) and (P-y, 7 G Fx) is the family of probability 
distributions of the process X conditioned on the initial value 7 = Xq. The process X 
is unique up to Hcx-equivalence. In particular, X is fid-symmetric {i.e., f FiPtPjd/id = 

/ F2PtFidfici for all measurable functions Fi,F2 : Fx IR+) and /id is its invariant 
measure. 

4.5. On the irreducibiUty of the Dirichlet form 

Let £ji be the pre-Dirichlet form associated with the Gibbs measure ft, defined on functions 

F,,F2eJ^Ca{Fz)cL\Fz^fi) by 

£^{F,,F2):= [ (V|Fi(7),ViF2(7))7Md7). (4.51) 
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The integral on the right-hand side of (14.511) is well defined because fi E -MUrz) C 
MliFz). Indeed, the function 

G{z) := (V.Fi(7),V.F2(7)) 
is bounded and has a (X-finite support, which implies that G E L^{Z, a). Thus the function 

9 7 ^ (^,7) = (V|Fi(7), ViF2(7))^ 

belongs to L'^(rz,fl) by the definition of the class AiKFz). It can be shown by a direct 
computation that 

F) = Sf,iI,F,I,F), F E TCiFx). (4.52) 

Note that the pre-Dirichlet form (Sp_, FC^{Fz)) is not necessarily closable. A sufficient 
condition of its closability is an IBP formula for the measure jl with respect to all directions 
in Fz rather then only in X'^ (cf. Theorem 14.91) . which requires in turn some smoothness 
conditions on the measure /i and also on the measure 7]^ as a function oix E X. Such condi- 
tions are satisfied, for instance, if X = W^, is a Poisson measure or, more generally, Gibbs 
measure with a smooth interaction potential, and the family {77^.} is defined by translations 
of a parent measure rj^ (i.e., rix{B) := ?7o(-B — x)). This case has been studied in great detail 
in [fTOinn . where formula (14.521) was extended to all functions F from the domain of 
(with the closure of the pre-Dirichlet form {£f^, FCa{Fz)) on the right-hand side). In turn, 
this makes it possible to characterise the kernel of the Dirichlet form 8^^^ via the kernels of 
the forms Sj:^ and in particular, it has been proved in IfTOlfTTTl that S^^^ is irreducible (that 
is, its kernel consists of constants) whenever is such. 

Let us remark that irreducibility is an important property closely related to the ergodicity 
of stochastic dynamics and extremality of invariant measures. It seems plausible that in our 
situation the irreducibility of 8^^^ is controlled by the properties of the distribution of centres 
/i rather then the cluster distributions {rjx], but this remains an open question. 

5. Examples 

In order to make tractable the general cluster model discussed above, one needs an efficient 
method to construct the family {rix}x&x of cluster distributions attached to centres x lying on 
a ground configuration 7. In the situation where X is a linear space, this is straightforward 
by translations of a parent distribution 770 specified at the origin (see Section [5TT1) . For other 
classes of spaces, the linear action has to be replaced by another suitable transformation (see 
Sections [5^l5.3l and l5.4.1l) . Alternative, more direct methods may also be applicable based 
on specific properties of the space structure, for instance by confining oneself to a class of 
distributions with a suitable invariance property (cf. Section [53]) or by exploiting the space 
metric, leading to "radially symmetric" distributions (see Section [5.4.2l) . 

We discuss below a number of selected examples where this programme can be realised. 
In so doing, we will mostly be using the push-forward method of Section [34l Specifically, 
the discussion of the resulting cluster measure ji^i in each example will be essentially con- 
fined to the following two important aspects: 

(i) verification of general sufficient conditions for the cluster process configurations to 
be proper, such as Condition [33]' in Proposition 13.91 specialised to the conditions of 
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Propositions 13.91 and 13.101 (local finiteness), and the conditions of Propositions 13.1 II 
and their particular cases in Propositions 13.121 and 13.131 (simplicity): and 

(ii) verification of appropriate smoothness conditions on the mapping Lp^ that we imposed 
as a prerequisite of an IBP formula for the cluster measure /ici (see the beginning of 
Section sill)- 

5.1. Euclidean spaces 

In the situation where X = W^', the family {'r]x}xex of cluster distributions can be con- 
structed by translations of a parent distribution ?7o specified at the origin ifTOlfTTll . This can 
be formulated in terms of the construction of Section [34l Take W := X and define the 
family of maps ifx ■ X ^ X (x E X) as translations 

^xiy)-=y + x, y e X. (5.1) 

Then definition (13.401) of the droplet DB{y) specialises to 

DB{y) = B-y, yeX, BeE{X). 
Furthermore, formula (|3.42l) for the droplet cluster now reads 

which makes the notion of the droplet cluster particularly transparent as a set-theoretic union 
of "droplets" of shape B shifted to the centrally reflected coordinates of the vector y = (yi). 
The parent measure Q on X (see (13.391) ) can then be interpreted as a pattern distribution r]o, 
and the measures rj^ are obtained by translations of ?7o to points x E X: 

r]x{B) := ifilvoiB) = Vo{B - x), BE B{X). (5.2) 

Let us discuss in this context criteria of propemess of the corresponding cluster measure 
/ici laid out in Section [341 First of all, conditions (13.451) and (13.461) of Proposition ^ .91 (which 
guarantee Condition [33]') are reduced, respectively, to 

sup 0(5 - y) < oo, / Nx{y) Vo{dy) < oo. (5.3) 
yex Jx 

In turn, the first condition in (15.31) is satisfied, for instance, if the measure 9{dx) is abso- 
lutely continuous with respect to Lebesgue measure da; on X and the corresponding Radon- 
Nikodym density is bounded (cf. Remark [J!9l) . Next, condition (i) of Proposition 13. 10[ (i.e.. 
continuity of in x is obviously satisfied for (15.11) . while condition (ii) holds with a com- 
pact By = B — y (y E X). Finally, let us point out that the use of Propositions 13 . 1 2[ and 13 . 1 31 
is greatly facilitated by the fact that the equation '^y{w) = x, reducing for (15.1!) to equation 
w + y = X, has the unique solution y = x — w. 

Regarding conditions for IBP formulae, note that map (15.11) is of course smooth, with 
difx = id (the identity operator) and d^(fx = 0. Finally, if the probability measure ?7o(dx) is 
absolutely continuous with respect to Lebesgue measure dx on X, then conditions (14.311) and 
(14.32!) in Theorem l4.8l can be easily rewritten in terms of the corresponding Radon-Nikodym 
density. 
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5.2. Lie groups 

Let X = G he a (non-compact) Lie group, and g the corresponding Lie algebra endowed 
with a scalar product (-, ■)g (see, e.g., |fT9l ). This scalar product generates in a standard way 
a right- invariant Riemannian structure on G. The group product of elements gi,g2 E G is 
denoted by gig2 E G, and e E G stands for the identity of the group G. 

Let us show how a family of measures {'r]x}xeG on (5 := |J^o '^^^ using 
the push-forward construction of Section [341 Take W := G and define the map ^Pxig) '■ 
G X G — G as a translation 

^xig) ■= gx, g,xEG. (5.4) 

By the properties of the Lie group multiplication, the map (^xig) is continuous in (g, x) E 
G X G and therefore automatically measurable. In view of (15.41) . definition (13.401) of the 
droplet DB{g) specialises to 

DB{g) = g^'B, BeB{G), gEG. 

Accordingly, by formula (13.421) the corresponding droplet cluster is represented as 

_ oo 

Db{9)= U gr'B, ^€0:= UG^ 
gi&g n.=o 

If Q is a probability measure on 0, then on substituting (15.41) into definition (13.391) we get 

rix{B):={^:Q){B) = Q{Bx-'), B E B{&) (xeG). (5.5) 

Observe from (|5.5I) that in fact the measure Q coincides with 7]^', hence definition (15. 5|) can be 
rewritten in a "translation" form naturally generalising formula (15.21) in the Euclidean case, 
namely 

r,x{B)=ri,iBx~'), B E B{<5) (xeG). (5.6) 

Specialising the general criteria of properness of /id described in Section 13. 4[ we have 
that conditions (13.451) and (13.461) of Proposition 13 .91 are reduced, respectively, to 

sup e{g-'B) < oo, / Ncig) Qidg) < oo. (5.7) 

Similarly to the previous section, the first condition in (15.71) is satisfied proviso the reference 
measure 9 is absolutely continuous with respect to a left Haar measure on G and the corre- 
sponding Radon-Nikodym density is bounded (cf. Remark |X9l ). As mentioned above, maps 
(15.41) automatically satisfy the continuity condition (i) of Proposition I3.10[ whereas condi- 
tion (ii) holds with a compact Bg = B g^^ (g E G). Moreover, as a natural extension of the 
Euclidean case, the equation (py{g) = x with (15.41) takes the form gy = x, which has the 
unique solution y = g~^x. Hence, Propositions 13 . 1 21 and 13 . 1 3 l ean be easily applied. 

In a standard fashion, the Lie algebra g of the group G can be identified with the space of 
right-invariant vector fields on G; moreover, all tangent spaces TgG are identified with T^G 
(and therefore with g) via right translations. Under this identification, for the map ^Pxiw) 
defined in (15.41) we have d(px{g) = id for any x,g E G, where id : g — t- g is the identity 
operator. It follows that ||dv?x(5')|| = 1 and d'^(px{g) = for all x,g E G, which automat- 
ically implies that (px E Gl{G, G) uniformly mx E G. Thus, one can apply Theorem 14.81 
provided that conditions (14.311) and (14.321) are satisfied. Finally, if the probability measure 
Q is absolutely continuous with respect to a left Haar measure on 0, then conditions (14.311) 
and (|4.32l) can be easily specified in terms of the corresponding Radon-Nikodym density. 
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5.3. Homogeneous manifolds 

5.3.1. Construction of cluster distributions rj^. Let G be a (non-compact) Lie group and 
X a G-homogeneous Riemannian manifold (see, e.g., [|7l[T9l). More precisely, G is a closed 
subgroup of the group of isometrics of X acting on X transitively, that is, for any x,y E X 
there exists an element g E G such that g ■ x = y (equivalently, G ■ x = X for some, and 
hence for all x E X), and the mapping 

GxX3{g,x)^g-xEX (5.8) 

is differentiable. Given a fixed point Xq E X, the manifold X is diffeomorphic to the quotient 
manifold G/H^^, where H^q := {g E G : g ■ Xq = Xq} is the isotropy subgroup of G at xq. 

Example 5.1. Take X = M"^ and the group G = M'^ with the natural additive structure acting 
on X by translations. In this case, H^o = {0} for every xq E X. 

Example 5.2. Let X = M'^ and consider G = S^{d), the Euclidean group of isometrics of 
preserving orientation. In this case, Hq = SO{d) and X = S+{d)/SO{d). 

Example 5.3. Let X = he a d-dimensional hyperbolic space. In this situation, G = 
SOo{d, 1) is the connected component of the identity in the orthogonal group 0{d,l) of the 
canonical quadratic form with signature {n, 1), and X = SOo{d, l)/SO{d). 

Example 5.4. If G is a Lie group and H is its compact subgroup, then one can use the 
quotient manifold X = G/H with the natural G- action on it. 

Define a family of maps tp^ : G ^ X as the group action (see (15.81) ) 

if^ig) ■.= g-x, gEG, xeX. (5.9) 
Then definition (13.401) of the droplet Dsig) takes the form 

DB{g)=g-'-B, BeB{X), gEG, 
and the droplet cluster is given by 

_ oo 
giSg n=0 

According to Section [3!4l we can now use (15.91) to define the family of distributions 

7], := = Q o (5.10) 

where Q is a given probability measure on (S. 

Conditions (13.451) and (13.461) take the form, respectively, 

snp9ig-'-B) <oo, [ Ndg) Qidg) < oo. (5.11) 

The first of conditions (15.1 II) is satisfied, for instance, if 9 is absolutely continuous with 
respect to the volume measure on X and the corresponding Radon-Nikodym density is 
bounded (cf. Remark |X9l ). 

Let us point out that a special class of measures {r]x}xex on can be constructed some- 
what more naturally by essentially reproducing the group translations method for Lie groups 
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(cf. (15.51) ). More precisely, fix an arbitrary point Xq E X and an iJ^.^, -invariant measure rj^f^ 
on X (i.e., r]xo{hB) = 'r]xo{B) for any B G B{X) and all h e H^q); such a measure always 
exists due to the compactness of Hx^. Since the group action is transitive, the group orbit of 
xq coincides with X, hence each x E X can be represented in the form x = g ■ xq with some 
9 = 9x ^ G- Let us now define the measure rij.onB{X) by the formula 

Vx ■= 9*xVxo=Vxo° 9x^, x = 9x-Xo. (5.12) 

It follows that r]x is i^aj-invariant for each x G X. Definition (15.121) does not depend on the 
choice of a solution of the equation g ■ xq = x; indeed, if there is another solution g^ then 

Vxo o 9x^ = Vxo o {9x^9x) g^^ = Vxo o 9x\ 
since g^^^g^ E H^^ and 77^^ is if^.^ -invariant. 

Remark 5.1. Choosing various subgroups G of the general group of isometrics of X may 
lead to different representations of X as a homogeneous space. Consequently, formula (15.101) 
will define different cluster measures. This is illustrated in the next simple example for the 
Euclidean space. 

Example 5.5. Let X = W^ {d> 2). If G is the group of translations x ^ x — g {x, g E W^), 
then the corresponding homogeneous space is isomorphic to and, as described in Section 
15.11 the measures rj^ are obtained by translations, rix{-) = r]o{- — x) (see Example 15. II) . Let 
now G = £^{d) (see Example 15. 21) . that is, the group of rotations g = A) with the action 
(Px{g) ■= g - x = A{x - + C (x E M"'), where ^ G M"' and A G SO{d). It is easy to check 
that, for a given Borel set B C M"', 

ip-\B \ {x}) = [g EG : I Sind iE {I - A)-\B - Ax)], 
V~x\{x}) = {gEG: A^IA = x or A = I,iE M'^}, 

where / is the identity matrix. Consider the simplest case where each cluster contains only 
one point; in other words, the measures 77^ are supported on X (i.e., rix{X'^) = for n 7^ 1). 
Let Q{dC, X dA) be a probability measure on G; assume for simplicity that Q{A 7^ /} = 1. 
Then definition (15.101) specialises to 

f]x{B) = Q{^-\B))= [ g(M'^xdA)/ QmA), (5.13) 

JsO{d) J {I-A)-^{B-~Ax) 

where QiW'- x dA) is the marginal distribution of A and Q{d^ \ A) is the conditional distribu- 
tion of ^ given A. Conditionally on A, rjx is obtained from 770 via a translation by the vector 
— (J — A)^^Ax, which is different from x. If A is truly random, then averaging with respect 
to its distribution will further mix up the random shifts — (/ — A)^^Ax. 

5.3.2. Verification of smoothness. Our next goal is to show that '{ixi,-) G GliG, X) uni- 
formly in X G G for a special Riemannian metric on G. Following ^ Ch. 7, pp. 181-186], 
fix any x E X and let, as before, be the isotropy subgroup at x. Then the manifold X 
can be identified with the quotient manifold G jH^ in such a way that the map (p^. : — j- X 
coincides with the natural projection G — )■ G / H,j,. Let ^.j. be the Lie algebra of Hj.. It is 
known that the Lie algebra q of the Lie group G admits a decomposition 

S = f)x©j:x, (5.14) 



39 



where is a subspace of invariant with respect to the adjoint representation Hj. 3 h 
Adh of Hx in Q. Then the tangent space T^X can be identified with the space ^x- The 
Riemannian metric of X induces an Ad/i-invariant scalar product (■, ■)y^ on 

Let us choose an auxiliary Ad/j-invariant scalar product {■,-)t)x on Ijx- Such a product 
always exists thanks to the compactness of H^, for instance, we can set (-, ■)(,^ := —B{-, ■), 
where B is the Killing-Cartan form (see, e.g., (H Ch. 7, pp. 184-185] or Ml Ch. II, §6, 
p. 131]). Observe that the isotropy subgroup at g-x has the form Hg.^ = g ■ H^g'^, therefore 
the corresponding Lie algebra is given by Ijg.x = Adg(f)x)- We equip it with the scalar 
product 

i-^X.x ■■= (Ad,-i-,Ad,-i-)f,.. 
Moreover, we can set y^.^. = Adg{^x), so that decomposition (15.141) at g ■ x takes the form 

g = Adg{i)x)®Adg{^x). (5.15) 
Now we can define a scalar product (-, ■)g ^ on g by setting for all h G l)g.x, r e ^g.x 

{h + r,h + r)g,g = {h, h\^,^ + (r, r\^,^. 
The G-invariance of the Riemannian metric on X implies that 

(■,-)0,9= (Adg-i-,Ad3-i-)g,e. (5.16) 

The family of scalar products (■, Og.g (S' ^ defines a Riemannian metric on G. Note that 
this metric is neither left nor right invariant. 

For a fixed x G X, let us compute the derivative dipx{g) ■ TgG -> Tg.xX of the map 
G 3 g iPx{g) = g ■ X E X . As in the previous section, we identify the tangent space TgG 
with the Lie algebra q by right translations; under this identification, 

difxig) = Pg-x, g^G, xex. (5.17) 

Observe that Pg.x : g ig.x is an orthogonal projection (with respect to the scalar 
product (-, ■)g g on q). Therefore, 

Wx{9)\\<l (5.18) 
and di^xig)* ■ Ig x — )■ g is an isometry. Moreover, it follows from (15.151) that 

d<^,(^7) = AdgoP.oAd.-i. (5.19) 

Considering dLpx{-)V as a map from G to g (via the embedding C g), we obtain 

dVx(^7)(f/, V) = (adt; oPg., - Pg., o adc;) V, (5.20) 

for any f/, V G g. This, together with (15.181) . implies that 

sup ||dVx(5')ll < oo. 

x£X,geG 

Thus, Lfx G Cl{G, X) uniformly inx E G, and so one can apply Theorem 14.81 provided 
that conditions (|4.31l) and (14.321) are met. Finally, if the probability measure Q is absolutely 
continuous with respect to a left Haar measure on 0, then (14.311) and (14.321) can be specified 
in terms of the corresponding Radon-Nikodym density. Note that the norm used in condition 
(|4.31l) is generated in this case by the special Riemannian structure (15.161) on G. 
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5.4. Other examples 

In this section, we briefly discuss two further examples illustrating possible ways of con- 
structing cluster distributions r]^. 

5.4.1. Manifolds of non-positive curvature. Let X be a complete, path-connected man- 
ifold with non-positive sectional curvature (Cartan-Hadamard manifold). In this case, for 
every two points x,y e X there is a unique geodesic gx,y{t), t G [0, 1], such that gx,yiO) = x, 
9x,y{^) = y- Assume in addition that X is simply connected. It follows from the Cartan- 
Hadamard theorem that the exponential map exp^ : T^X — X is a diffeomorphism for every 
X e X(see, e.g., lfT3l[2T1l). 

Choose xq G X, and let 

'i-9xo,x '■ TxqX — )■ TxX 

be the parallel translation along the geodesic gxo,x- To deploy the construction of Section 
[341 we set W := T^.X and 

(fx := exp^ o dgxo,x : W ^ X. 

For a given probability measure Q = Qxq on [Tx^^X)'^, consider the corresponding translated 
(push-forward) measures on {T^X)^, 

Qx = (^g*x„,xQxo X eX. (5.21) 

According to a general formula (13.391) . we can now define a family of probability distribu- 
tions on the space X by 

r]x ■= ^IQxo = exp* Qx, X e X. (5.22) 

Remark 5.2. In fact, X is essentially the Euclidean space M'^ (d = dimX) with a non- 
constant metric which defines a family of exponential maps exp^. : M'^ — )• M'^ (x G W^). In 
this interpretation, we have W = M.'^ and ipx = exp^. : W ^ X. 

Remark 5.3. Consider the diffeomorphism 

ix := exp^. o dgxo,x o exp^T^^ : X ^ X, (5.23) 

From (15.211) . (15.221) and (15.231) it follows that the family of distributions {r]x}xex is transla- 
tion invariant in the sense that rjx = ixVxo (x G X). 

5.4.2. Metric spaces. Let {X, p) be a metric space, endowed with the natural topology 
generated by the open balls B^{x) := {x' & X : x') < r} (x G X, r > 0) and equipped 
with a (locally finite) reference measure -d. 

In this section, we construct an example of a family of probability measures {r]x{(iy)} x(^x 
on j£ = Un^"^' based on a different idea that avoids using any family of maps (.px as in 
Sections [5n - l5.3[ To this end, note that by a radial- angular decomposition (based on Fubini's 
theorem) we can represent the ^9-volume of a (closed) ball Br{x) := {x' G X : p(x, x') < r} 
{x G X) as 

mAx)) = f (I Kr.MvV'^)] Cd(ds) (5.24) 

Jo \JdBs(x) J 
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where dBr{x) = Br{x) \ B^{x) is the sphere of radius r centred at x, 'i9^jjg(d?/|r) is the 
uniform "surface" measure on dBr{x) induced by the measure i^idy), and '&^i^^{dr) is the 
radial component of i3 as seen from x. According to formula (15.241) . the measure i!) can be 
symbolically expressed as a skew product 

r=p(x,y) 

For X e X and y G X, set p{x, y) := yi))yiey ^ ^- As usual, the measure ^9 can be 
lifted to the space X by setting 

d{dy) := (g) i9(di/i), y G X. (5.25) 

Similarly, for each x E X define 

Cd(dr):= (8)Cd(dr.), (5.26) 
^:,g(dy|f):= (8)^:,g(dy.|r,). (5.27) 

Let us now fix a point xq G X, and let / : M+ be such that f{f) ^^°d{df) = 1. 

Then we can construct a family of cluster distributions by setting, for each x E X, 

yeX. (5.28) 

'r=p{x,y) 

That is to say, under the measure r]x a random vector y is sampled in two stages: first, a vector 
f of the distances from x to is sampled with the probability density /(f) (with respect to 
the measure ^^^^d)' ^^^^ components yi of y are chosen, independently of each other, 
with the uniform distribution over the corresponding spheres dB^- (x), respectively. 

Remark 5.4. By definition (I5.28|) . the measure r]x may be considered as a "translation" of 
the pattern measure r]xo from xq to x; however, this is not being done by a push-forward of 
r]xo under some mapping ip.j. of the space X, as prescribed by the general recipe of Section 
13 .41 instead, we compensate the lack of such a mapping by using the same statistics of the 
distances at each point x E X (prescribed by the pattern distribution 'd^!^) and by taking 
advantage of the uniform distribution on the corresponding spheres, which does not require 
any further angular information. 

Remark 5.5. If there is a group G of isometrics of X acting transitively, then we can use the 
same method as for homogeneous spaces (see Section [53l) . 

Appendix 

A. On a definition of the skew-product measure fi 

We assume for simplicity that jJi{rx) = 1. In order to verify that the measure fi is well 
defined by expression (12.141) (which requires the internal integral in (12.151) to be measurable 
as a function of 7 G Fx), we shall construct an auxiliary measure jl on Fx x and show 
that fl is its image under a certain measurable map. 



1!}^ (dv\r) 
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Let us fix an indexation i = {i^, 7 G Fx} in Fx, where : 7 — t- N is a bijection for 
each 7 G -Tx- Define 

Fx,i ■■= {{l,x) eFxxX: x G 7}. 
The indexation i defines a natural bijection 

Fx,i3{i,x)^{-f,^{x)eFxxN. (A.l) 

Moreover, the indexation i can be constructed so that bijection (lA.ll) is measurable (see Il30ll ). 
This ensures that the map 

^x^l^Jkil) ■.= i-\k)ex (A.2) 

is measurable for each k E N. 

Consider a family {u'^, 7 G Fx} of measures on Y°° defined by 

z/^(dy):= (8)r/,,(,)(d^), yeY^. 
If A G is a cylinder set, A = Ai x ■ ■ ■ x x Y x ■ ■ ■ , then 

n 
k=l 

The function Fx 3 ^ ^^{^) G K is measurable due to the measurability of jkil) and 
Condition 12.11 Hence, the measure 

/i(d7 X dy) := z/^(d2/)/i(d7), (7, y) e x F^, 

is well defined. 

Finally, a direct calculation shows that the measure jl defined by (12.141) can be represented 

as ft = X*jjL, where X : Fxx Y^ — )■ Fx x F''' is a measurable map defined by (7, {yk)km) ^ 
(7, (%fe(7))fceN)- This proves the result. 

B. Correlation functions 

For a more systematic exposition and further details, see the classical books [fT6l l27l l28ll : 
more recent useful references include Il4l l22l[23l . 

Definition B.l. Let /i be a probability measure on the generalised configuration space F^, 
and let be a (locally finite) measure on X. Then the correlation function n"^ : X" — )■ of 
the n-th order (n G N) of the measure fi with respect to ^ is defined by the following property: 
for any function (f) G M+(X") symmetric with respect to permutations of its arguments, it 
holds 



= -7/ (p{Xi,. . . ,Xn) l^'^iXi, . . . ,Xn) 9{dXi) ■ ■ ■9{dXn). (B.l) 

n! Jx" 



' X {xi,...,x„}C7 
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Remark B.l. Note that possible multiple points on the configuration 7 G F'^ will lead cor- 
respondingly to some coinciding points among {xi, . . . , x„} C 7 on the left-hand side of 
formula (IB.ll) (cf. our convention on the use of set-theoretic notations, see Section [2?T1) . 



By a standard approximation argument, equation (IB.ll) can be extended to any (symmet- 
ric) functions G L^{X'\ ^®"). 

Condition B.l. Correlation functions n^{xi, . . . , Xm) up to the n-th order (n G N) of the 
measure /i with respect to 9 exist and are bounded. 

Remark B.2. Formula (IB.ll) with n = 1 and (p{x) = 1b{x) for B G -B(X) shows that 
Condition IB . 1 1 automatically implies that /i-a.a. configurations 7 are locally finite. 

Lemma B.l. Assume that Condition \B.l\ is satisfied with some n G N. Then fi G Aig^Fx)- 

Proof. Similarly as in the proof of Lemma 1X61 we obtain (cf. (13.271) ) 

^ |(/,7)|Xd7)<^ (U'^^''^') '"^'^^^ 

= / (/)„(xi,...,a;,„)/i(d7), (B.2) 

m=l {xi,...,Xm}C-y 

where (pnixi, . . . , Xm) is a (symmetric) function given by expression (13.281) . Note that, by 
definition of the correlation functions (see (IB.ll) ). the integral on the right-hand side of (IB.2|) 
is reduced to 

-K (pniXl,. . . ,X^) K'l^iXi,. . . ,Xm)0{dXi) ■ ■ ■6{dXm)- (B.3) 

ml Jx"^ 



By Condition IB.ll /t™ < Cm (m = 1, . . . ,n) with some constant c„i < 00. Hence, the 



integral in (IB. 31) is bounded by 



ii,...,im>l j 
nH \-im=n 



since each integral in (IB. 41) is finite owing to the assumption / G ni<g<rt -^'^(^' ^ 
result, the integral on the left-hand side of (|B.2I) is finite, and the lemma is proved. □ 



C. Integration-by-parts formula for push-forward measures 

For any Riemannian manifolds W and y, denote by C7^(>V, y) the space of twice differen- 
tiable maps (p : W y with globally bounded derivatives d0, d^0. In particular, for any 
w G W, the first derivative d0(w) is a bounded linear operator from the tangent space T^W 
to the tangent space T<^(iD)3^. In what follows, we fix G C^(>V, 3^). Note that the adjoint 
operator d(f){w)* : T^^^-^y — )■ T^W can be identified with a bounded operator from r<^(tD)3^ 
to T^uW via the scalar products in the tangent spaces T^W and r^(tD)3^ (defined by the Rie- 
mannian structure of the manifolds W and y, respectively). Furthermore, define Vect^(>V) 
as the space of differentiable vector fields on W with a globally bounded first derivative. 
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Definition C.l. We say that a probability measure Q{dw) on W satisfies an integration-by- 
parts (IBP) formula if for any vector field V G Vectl{W) there is a function f3^ e L^{W, Q) 
{logarithmic derivative of Q in the direction V) such that, for any g E C^(W), the following 
identity holds 

/ {Vg{w),V{w))T^wQ{dw) = - [ g{w)(3^{w)Q{dw). (C.l) 

Whenever it exists, the function (3q can be represented in the form 

/3q{w) = {f3Q{w),V{w))T^,^ + divV{w), weW, (C.2) 
where (3q is a vector field on W (called the vector logarithmic derivative of Q) satisfying 

l/3Q(w^)|r,-,w Qidw) < oo. 

Consider the push-forward measure rj := 0* Q on 3^, and denote by the operator acting 
on functions / : 3^ — t- M by the formula 

^4>f = f° (P- 

Because of the definition of the measure 7], the operator is an isometry from L^'{y, rj) to 
L^{yV, Q), for any r G [1, C)o]. Hence, the adjoint operator defines an isometry between the 
corresponding dual spaces. 

Furthermore, for any r G (1, oo) we have the isomorphisms L^{W, Q)' = L"(>V, Q) and 
U-{y, T])' = L'^iy, r]), where n = r/{r - 1) (see, e.g., ^ Ch. II, §2, p. 43]). Since r > 1 
is arbitrary, this means that can be treated as an isometry from L"(>V, Q) to L^{y, t]) for 
any tt, > 1. Moreover, repeating the arguments used in the proof of Lemma 1431 it can be 
shown that the same also holds for n = 1. To summarise, for any n > 1 the operator 

X;:L"(W,g)->L"(3^,r/) 

is an isometry. 

Theorem C.l. Let (f) G (W, y) be such that the operator 

is an isometry, and suppose that the measure Q satisfies the IBP formula (IC.ll) . Then the 
push-forward measure rj = (f)*Q satisfies an IBP formula with the logarithmic derivative 
= I'^Pq, where V = Vu is a vector field on W given by 

V{w) = d(j){wy U{<P{w)), U G Vect^(3^). 

Proof Note that V G Vect^(>V). Applying the IBP formula (IC.ID . making the change of 
measure r] = (p*Q and taking into account that d(p{w)d(l){w)* is the identity operator in 
Tfj,(w)y, we see that (IC.ll) holds for rj with the corresponding logarithmic derivative (3^ = 
1-Wq- Finally, the ?7-integrability of {3^ follows by the isometry of X*. □ 
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Remark C. 1. All of the above remains true in the case where W = and y = \_\°1q 

are countable disjoint unions of Riemannian manifolds (Wj) and (3^j) respectively, and the 
mapping (p acts component-wise, that is, : Wi — t- Although the spaces W and 3^ do not 
possess a proper Riemannian manifold structure, all notions introduced above (including the 
IBP formula (IC.ll) ) can be understood component- wise, and we use the analogous notations 
without further explanations. 
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